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tThe in�uen
e of a periodi
 open-loop 
ontroloperated in parallel to an existing 
losed-loopPID 
ontrol is investigated on a rotor systemsupported by two radial a
tive magneti
bearings. The transient behaviour of the rotoris studied numeri
ally and �rst experimentalresults are shown to demonstrate the appli-
ability of the method. It is highlighted thatby tuning the periodi
 
ontrol properly it ispossible to amplify arti�
ially the externaldamping of the rotor system. This 
on
eptallows in
reasing the total external dampingwell beyond the stability margin of the
losed-loop 
ontrol 
y
le.1 Introdu
tionSystems of di�erential equations with pe-riodi
 
oe�
ients, also termed parametri-
ally ex
ited systems, have been the fo-
us of s
ienti�
 resear
h for a long time.The frequen
y of the parameter 
hange ispres
ribed expli
itly as a fun
tion of timeand is independent of the motion of thesystem. Classi
al examples are a period-i
ally moving pivot point of a pendulumor a rotating shaft with a nonsymmetri

ross-se
tion. Parametri
ally ex
ited sys-tems and stru
tures have been studied ex-tensively in the past be
ause of the some-how unexpe
ted dynami
 phenomena thato

ur in su
h systems. A parametri
allyex
ited system may exhibit a destabilisingparametri
 resonan
e if the variation fre-quen
y is 
lose to [10℄
ν0 =

|ωk ∓ ωl|

n
, k = 1, 2, . . . . (1)

Herein ωi denotes the ith natural frequen
yof the underlying undamped system and nis a natural number. Several publi
ationsdeal with a single or 
oupled di�erentialequations having time-periodi
 
oe�
ients[1, 7℄. The main fo
us there was to inves-tigate the destabilising e�e
t of paramet-ri
 ex
itation, i.e. the instability boundary
urves in the domain of system parameters.The non-resonant 
ases were not 
onsideredto be relevant for appli
ations. The me
ha-nism of damping by parametri
 ex
itation,as investigated here, is based on the 
ou-pling of vibration modes whi
h leads to anarti�
ial in
rease of the overall damping inthe system. A spe
i�
 
ontrol frequen
y atwhi
h the system vibrations are redu
ed istermed as a parametri
 anti -resonan
e fre-quen
y. The main theoreti
al 
ontributionswith respe
t to parametri
 anti-resonan
esin this 
ontext 
an be found in [8, 2, 4℄.Very few studies have been undertakento verify the existen
e of parametri
 anti-resonan
es experimentally. Mainly dis
rete2DOF systems of an arti�
ial nature havebeen investigated so far. The main mo-tivation of the present study is to proveexperimentally that the 
on
ept of damp-ing by parametri
 ex
itation is appli
ablefor damping the low-frequen
y modes of a
omplex, �exible rotor system.A parametri
 ex
itation 
an be intro-du
ed in the system in a simple open-loop manner, sin
e the sti�ness parame-ter in fo
us needs to be varied at a well-



de�ned, �xed frequen
y and �xed ampli-tude. The present paper examines thisopen-loop strategy to in
rease the e�e
-tive damping of a rotor system based onpreliminary theoreti
al investigations [9, 3℄.Therein, it was shown theoreti
ally that aperiodi
 
hange in the bearing sti�ness is
apable of in
reasing the 
riti
al speed ofa simple Je�
ott rotor under the in�uen
eof a destabilising self-ex
itation. Now, thisapproa
h is used to enhan
e the dampingof an already stable system and realisedexperimentally for a 
omplex �exible rotorsystem supported by a
tive magneti
 bear-ings.First, the model equations of a �exible ro-tor system with multiple rigid disks at-ta
hed to its shaft are stated. Then, a nu-meri
al predi
tion is given for the regionswhere damping by parametri
 ex
itation ise�e
tive. Finally, �rst experimental resultsare 
ompared to the theoreti
al predi
tions.This work summarises the 
ontribution [5℄.2 Lateral vibrations of a �exible ro-tor with multiple rigid disksThe me
hani
al model of the rotor systemunder 
onsideration is shown in Fig. 1. Aslender, �exible rotor shaft is rotating at a
onstant rotational speed Ω provided by adriving motor. The shaft is assumed to betorsionally rigid and isotropi
. Five rigid,unbalan
ed disks are atta
hed to the shaft,three disks (D1, D2, D3) and two bear-ing studs (AMB1, AMB2). The shaft issupported by two a
tive magneti
 bearings.The a
tual stud position is measured andfed ba
k to de
entralised PID 
ontroller forposition 
ontrol. The total length of theshaft is 680 mm.The �exible, 
ontinuous shaft is dis
retisedusing a single �nite beam element betweentwo disks, see e.g. [6℄. Rigid disks withmass and moment of inertia are atta
hedat dis
rete positions along the shaft. Theirsymmetry axis is aligned with the 
entralrotary axis leading to a diagonal mass ma-trixThe element matri
es are assembled to

the global sti�ness and mass matri
es of the
ontinuous shaft, Cz/y
b and M

z/y
b , and theglobal mass matrixMr of the rigid disks, allwith respe
t to the global 
oordinate ve
torof lateral displa
ements and in
linations.The ele
tromagneti
 for
e generated by thea
tive magneti
 bearing (AMB) dependson its geometry parameters (
ross-se
tionof the pole shoes, size of the air gap) andits ele
tromagneti
 properties (number ofturns, permeability) and is a strongly non-linear fun
tion of these parameters. Inpra
ti
e, however, the resulting for
e 
anbe linearised 
lose to a 
ertain operationpoint as

F lin
m = kiic − ksr, (2)assuming a high bias 
urrent for pre-magnetisation and small 
ontrol 
urrent icand rotor de�e
tion r. Herein, ki is the
urrent-for
e 
onstant and −ks the nega-tive bearing sti�ness. Cross-
oupling pa-rameters are negle
ted.The most widely used 
ontrol 
on
ept foran AMB is a PID 
ontroller. The propor-tional (kP ) and the derivative a
tions (kD)
onstitute the sti�ness and damping 
har-a
teristi
s of the bearing while the integrala
tion (kI) assures that the resulting rotorde�e
tion r keeps tra
k with a prede�nedsetpoint,

ic = kP r + kD ṙ + kI

∫

r dt. (3)Inserting into eq. (2) leads to
F lin
m = cmr + dmṙ + kikI

∫

r dt, (4)with the a
tive sti�ness and a
tive damping
oe�
ients
cm = kikP − ks, dm = kikD. (5)Adjusting the 
ontrol parameters kP and

kD determines the dynami
 properties ofthe AMB. Both AMBs are assumed to beisotropi
. With the me
hani
al propertiesin eq. (5), the sti�ness and damping matri-
es (Cm and Dm) have diagonal form withentries at the lo
ation of the AMBs.



PSfrag repla
ements D1 AMB1 D2 D3 AMB2 
oupling motor
680 mmFig. 1: Flexible rotor with multiple disks and ele
tromagneti
 supports.

rotor bending sti�ness of rotor shaft 41.4 N/mmass per unit length of shaft 0.4 kg/mtotal length of rotor and shaft diameter 680 mm, 8 mmmass and axial moment of inertia of disk D1 0.78 kg, 0.4 · 10−3 kgm2mass and axial moment of inertia of disk D2 and D3 1.20 kg, 1.4 · 10−3 kgm2mass of studs in AMB1 and AMB2 0.88 kgAMBs number of ele
tromagnets 4 in ea
h bearingmagneti
 bearing 
onstant 3.64 · 10−6 Vsm/A
urrent-for
e 
onstant ki 42.1 N/Abearing sti�ness ks 1.052 · 105 N/m
ontroller sampling frequen
y 8 kHzradial 
learan
e 0.80 mmTable 1: Details of rotor system in Fig. 1.
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The rotor system is ex
ited by unbalan
efor
es fz, fy originating from e

entri
itiesof the �ve rigid disks (in
luding the bearingstuds).Together with the ele
tromagneti
 a
tions,the equations of motion of the rotor systemwith respe
t to the global 
oordinate ve
tor
q = [qz,T ,qy,T ]T be
ome

Mq̈ +Dq̇+Cq = f (6)with the assembled 
oe�
ient matri
es andthe global for
e ve
tor
M =

[

Mz
b +Mr 0

0 M
y
b +Mr

]

,

D =

[

Dm −ΩGr

ΩGr Dm

]

, f =

[

fz

fy

]

,

C =

[

Cz
b +Cm 0

0 C
y
b +Cm

]

. (7)The only sour
e of damping is the 
ontrolstrategy in the AMBs. The lateral vibra-tions in y- and z-dire
tions are 
oupled bygyros
opi
 e�e
ts of the rigid disks. Theoperational de�e
tion of the present rotoris assumed to be su�
iently small su
hthat rotor-stator 
onta
ts with safety bear-ings are ex
luded and the linearisation ofthe ele
tromagneti
 for
e in eq. (2) remainsvalid.A time-periodi
 sti�ness variation in therotor system is realised in the AMBs byintrodu
ing a time-dependent proportionala
tion kP (t) in the PID 
ontrollers. This
ontrol parameter is 
hanged periodi
allyfor both AMBs simultaneously a

ording to
kP (t) = kP (1 + ε sin νt) (8)resulting in the global time-periodi
 sti�-ness matrix
C(t) = C0 + εCt sin νt, (9)where C0, Ct are time-independent 
oe�-
ient matri
es.Numeri
al studyThe �exible rotor system in Fig. 1 is exam-ined for a �xed set of system parameters

listed in Table 1 for di�erent values of theamplitude ε and the 
ontrol frequen
y ν ofthe time-periodi
ity introdu
ed in eq. (8).The equations of motion in eq. (6) aresolved by dire
t numeri
al integration. Ini-tially, the rotor shaft in Fig. 1 rests at the
entre position q = 0. Sin
e unbalan
efor
es f a
ts on the rotor system, the ro-tor shaft is de�e
ted from this initial 
on-dition to a new de�e
tion that rotates withthe rotor speed Ω. The transition betweenthese two states is des
ribed by free vibra-tions. A sample time history for the radialde�e
tion of the disk D2
|rD2| =

√

y2D2
+ z2D2

(10)at 
onstant, nominal AMB 
hara
teristi
s(ε = 0 in eq. (8)) and a 
onstant rotor speedof Ω = 60 1/s is shown in Fig. 2. The samefeatures are observed for the time historiesat the other disk positions and are thereforeomitted.The �rst two natural frequen
ies obtainedfrom an eigenvalue analysis of the un-damped system in eq. (6) at rest togetherwith the resulting parametri
 resonan
eand anti-resonan
e frequen
ies are listed inTable 2. Evaluating the analyti
al predi
-tions in [2℄ reveals that for the present sys-tem only the parametri
 ex
itation frequen-
ies of di�eren
e type in eq. (1), |ωk−ωl|/n,
orrespond to parametri
 anti-resonan
efrequen
ies at whi
h an in
rease of e�e
tivedamping is a
hievable. Within the presentinvestigation, the in�uen
e of gyros
opi
 ef-fe
ts on the �rst four natural frequen
ies isbelow 4%. Note that the time history inFig. 2 des
ribes the radial de�e
tion of adisk in a 
oordinate system that is �xedto the disk. Consequently, the observedfrequen
y 
omponents 
orrespond to thespeed-dependent natural frequen
ies ωi[Ω]that are modulated by the rotor speed Ω.The lowest frequen
y 
omponent in Fig. 2be
omes |Ω− ω1|/2π ≈ 8 Hz.Now, the periodi
 open-loop 
ontrol in theAMBs is swit
hed on following the 
ontrollaw in eq. (8). The vibration behaviour



natural frequen
ies
ω1 = 110.6 1/s, ω2 = 151.6 1/smain parametri
 resonan
e frequen
ies
2ω1 = 221.2 1/s, 2ω2 = 303.2 1/s,

ω1 + ω2 = 262.2 1/smain parametri
 anti-resonan
e frequen
y
|ω1 − ω2| = 41.0 1/sTable 2: First frequen
ies at rest, Ω = 0.is investigated at a 
ontrol amplitude of

ε = 0.30 and a �xed 
ontrol frequen
y ν inthe range between 0 and 400 1/s. Numeri-
al integration of the equations of motion ineq. (6) at ν = 0 1/s results in the time his-tory already shown in Fig. 2. All time his-tories in the frequen
y range of interest aresummarised in the 
ontour plot in Fig. 3.Light areas depi
t low values and dark ar-eas high values of the disk de�e
tion |rD2|.Additionally, frequen
y lines of the frequen-
ies ν0 de�ned in eq. (1) are plotted for theorders n = 1 up to n = 5 on the righthand side of the �gure. Their line thi
knessis s
aled by the order n. The frequen
ieslisted in Table 2 are of order n = 1 and areplotted as lines with the largest thi
kness.All possible frequen
y 
ombinations ν0 aredivided into three groups 
orresponding tothe three blo
k on the right hand sideof the �gure: the two groups 2ωi/n and
(ωk + ωl)/n that 
orrespond to destabilis-ing parametri
 ex
itation frequen
ies, andthe group |ωk−ωl|/n whi
h 
orresponds tostabilising parametri
 frequen
ies. Thesefrequen
y lines help en
oding the 
omplexdistribution of the time series. At ea
h ofthese frequen
ies a dense frequen
y intervalexist within whi
h the system vibrationsare either ex
ited or damped. If these fre-quen
y intervals overlap, it depends whi
he�e
t dominates. In general, the destabil-ising e�e
t at frequen
ies 2ωi/n dominatesthe e�e
ts a
ting at frequen
ies |ωk∓ωl|/n.Destabilising e�e
ts, a de
rease in e�e
tivedamping, are found where the 
ontrol pa-rameter ν is in the vi
inity of the frequen-
ies 49 1/s, 172 1/s, 221 1/s and 300 1/s.The 
orresponding parametri
 resonan
e

ν in 1/s ε log. de
r.113 0.00 1.9113 0.15 2.5113 0.30 3.9113 0.45 4.6Table 3: Logarithmi
 de
rement at theoptimum 
ontrol parameter ν = |ω2 − ω3|.frequen
ies 
an be identi�ed by 
omparisonwith the frequen
y lines on the right handside, e.g. the shaded area at 221 1/s 
orre-sponds to the frequen
y 2ω1 = 221.2 1/s.Indentations in the distribution towardslower time values in Fig. 3 give hints of anin
rease in e�e
tive damping. The mainstabilising 
ontrol frequen
y is found to be
lose to ν = |ω2 − ω3| = 113.4 1/s. This isthe optimum 
ontrol frequen
y to be 
ho-sen for the proposed open-loop 
ontrol ineq. (8) for this spe
i�
 rotor system.The 
orresponding time histories of the de-�e
tion rD2 of disk 2 at the optimum 
on-trol frequen
y ν = |ω2 − ω3| is shown inFigs. 4. The time history of the rotor sys-tem for swit
hed o� open-loop 
ontrol (ε =
0) was presented in Fig. 2. Introdu
ing theopen-loop 
ontrol in eq. (8) at a moderate
ontrol amplitude of ε = 0.30, in
reasesthe e�e
tive system damping slightly, seeFig. 4. Evaluating the logarithmi
 de
re-ment of these time histories gives a goodmeasure of the e�e
tive damping presentin the rotor system. The determined valuesare summarised in Table 3. Hen
e, for thepresent system 
on�guration the e�e
tivedamping 
an be enhan
ed, or ampli�ed, bya fa
tor of 2.4.It has to be highlighted that that the pro-posed open-loop 
ontrol method works onlyif a 
ertain level of the 
ontrol amplitude
ε is ex
eeded. Upon ex
eeding this value,an additional arti�
ial damping is a
tingin the rotor system whi
h in
reases theoverall system damping. The drawba
k ofthe open-loop method applied to this ex-ample system is that although the tran-sient vibration 
an be redu
ed signi�
antly,
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Fig. 4: Time history at optimal 
ontroller parameters ν = |ω2 − ω3| and ε = 0.30.a 
ertain level of os
illations remains atthe �nal state due to the persistent alter-ation of the bearing sti�ness. These os
il-lation in
rease for higher values of the 
on-troller amplitude. It depends on the ap-pli
ation whether these os
illations inter-fere with the desired operation task or thearti�
ial in
rease in damping 
an be justi-�ed. A proper 
ountermeasure 
ould be asimple on/o� logi
 that a
tivates the open-loop 
ontrol on demand only, e.g. whenthe radial de�e
tion ex
eeds a prede�nedlimit. The e�e
t of a simple on/o� swit
his shown in Fig. 4 where the proposed open-loop 
ontrol is swit
hed o� at 1.5 s. Hen
e,the arti�
ially in
reased system damping isswit
hed ba
k to its initial value and therotor vibrations de
rease with the lower ini-tial system damping indu
ed by the inher-ent a
tive damping in the AMBs. A softon/o� swit
hing is suggested to avoid sud-den 
hanges in the sti�ness 
hara
teristi
sleading to small but impa
t-like ex
itation.ExperimentIn this se
tion experimental results are pre-sented that underline the theoreti
al �nd-ings from above. Figure 6 shows the experi-mental realisation of the system introdu
edin Fig. 1 and Table 1. The a
tual positionof the rotor shaft is measured by indu
tivesensors (two for ea
h radial dire
tion y and

z). These signals are pro
essed by the real-time 
ontroller hardware dSpa
e, whi
h im-plements the de
entralised PID 
ontrollersin eq. (3) to regulate the 
urrents providedto ea
h of the ele
tromagnets. In parallelto this PID 
ontrol, an open-loop 
ontrol ofthe proportional a
tion is implemented a
-
ording to eq. (8), whi
h realises a periodi

hange in the a
tive bearing sti�ness.

At the sample rotor speed of 600 rpm (be-low the �rst 
riti
al speed), the rotor islevitated in the AMBs by the PID 
on-trollers, while the proportional a
tion kPis open-loop 
ontrolled at the theoreti
allypredi
ted optimum 
ontrol frequen
y ν =
|ω2 − ω3| = 113.4 1/s. At the time of 8 sthe system is ex
ited by adding an impulse-like 
urrent to the 
ontroller 
urrent. Timehistories for di�erent values of the 
ontrolamplitude ε are shown in Fig. 6. For thesystem without open-loop 
ontrol (ε = 0),the system response de
ays with an e�e
-tive logarithmi
 de
rement of 0.8. A
tivat-ing the open-loop 
ontrol at the optimumfrequen
y enhan
es the system damping ar-ti�
ially whi
h results in in
reased logarith-mi
 de
rements. A value of 1.6 is a
hievedfor the logarithmi
 de
rement at a 
ontrolamplitude of ε = 0.15 and a value of 3.7(whi
h lies well beyond the stability bor-der of the PID 
ontrol of 1.2) at ε = 0.30.Higher 
ontrol amplitudes are not possiblewith the present set-up of the rotor test rig.Without the proposed open-loop 
ontrol(ε = 0), the system damping 
an be in-
reased simply by the a
tive damping dmin eq. (5) introdu
ed by the PID 
on-trollers, too. However, this in
rease is lim-
Fig. 5: Flexible rotor with multipledisks supported by two magneti
 bearings.
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Fig. 6: Measured time histories at the optimal 
ontroller parameter ν = |ω2 − ω3|.ited by the level of measurement noise inthe 
ontrol loop and its ampli�
ation bythe derivative a
tion kD. Starting from op-timum PID 
ontrollers in the nominal sys-tem, kD 
an be ampli�ed maximally bya fa
tor of 1.7. Introdu
ing the proposedopen-loop 
ontrol at the 
ontrol parameters
ε = 0.3 and ν = |ω2−ω3|, allows an in
reasein e�e
tive system damping well above thisfa
tor. The maximum ampli�
ation fa
torfor the e�e
tive damping that is a
hievableexperimentally is 4.6 whi
h lies well abovethe limit realisable by 
onventional a
tivedamping.SummaryIn this study new �ndings on damping byparametri
 ex
itation are presented. A�exible rotor system is analysed havingsupport bearings with time-periodi
, open-loop 
ontrol of the sti�ness 
oe�
ients. Itis veri�ed theoreti
ally and demonstratedexperimentally that the proposed open-loop 
ontrol method is 
apable to in
reasethe overall damping of a �exible rotor sys-tem. The open-loop method possesses sev-eral advantages. First, introdu
ing a peri-odi
 
hange in the bearing sti�ness worksas an open-loop system with no feedba
k
ontrol ne
essary. Se
ondly, the 
ontrolmethod 
an be applied in parallel with ex-istent methods, sin
e it a�e
ts mainly thefree vibrations of a system. Finally, inthe present system, the proposed 
ontrolmethod is 
apable of in
reasing the e�e
-tive damping well above the PID-stabilitymargin.
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