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ABSTRACT

In this paper we propose a controller design methodology using the discrete-time Q-parameterization control
for variable speed magnetic bearings in order to achieve elimination of unbalance vibrations. Rotor unbalance
usually generates sinusoidal disturbance forces, with frequency equal to the rotational speed. So in order to
achieve asymptotic rejection of these disturbance forces, the Q-parameterization controller free parameter Q is
chosen such that the controller has poles on the unit circle at 2z = exp/P*T* for the different speeds of rotation Pk
(T, isthe sampling period). First, we give a mathematical model for the magnetic bearing in state space form.
Second, we explain the proposed discrete-time Q-parameterization controller design methodology. The controller
free parameter @ is assumed to be a proper stable transfer function whose order equals twice the number of
operating speeds. Third, we show that the controller free parameter which satisfies the design objectives
can be obtained by simply solving a set of linear equations rather than solving a complicated optimization
problem. We also show that the controller order equals: Number of degrees of freedom x (order of Q +3).
Finally, several simulation and experimental results were obtained to evaluate the proposed controller. The
results obtained showed the effectiveness of the proposed controller in eliminating the unbalance vibrations at
the different speeds of rotation.

Keywords: Q-parameterization, Magnetic bearings, Vibrations, Rotor unbalance.

INTRODUCTION

Unbalance in the rotor of rotating machines causes vibrations due to the sinusoidal disturbance forces
generated by the unbalance. This problem can be solved using active controlled magnetic bearing systems.
There are several papers in the literature which deal with this problem [1]-[7] using either feedback control or
Notch filters to eliminate these vibrations.

The Q-parameterization theory [8]-[9] provides a good tool for the controller design of magnetic bearing
systems in order to achieve elimination of rotor vibrations [5]. This is because the controller free Q-parameter
can be chosen such that asymptotic rejection of sinusoidal disturbances is achieved. The order of the Q-
parameterization controller equals the order of the plant plus the order of the free parameter Q while in the
other methods, the order of the controller equals the order of the plant plus the order of the weighting functions.
Usually the Q-parameterization controller has lower order.

In this paper we extend the controller design methodology developed in [5] to achieve unbalance com-
pensation for variable speed magnetic bearing systems, moreover we design the controller in the discrete-time
domain. Since the frequency of the unbalance sinusoidal disturbance forces equals the rotational speed, we can
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achieve asymptotic rejection of these variable frequency disturbances by designing a controller which has poles
on the unit circle at z = exp/?*T+ for the different speeds of rotation p,, k =1,2,...r where r is the number
of operating speeds and 7, is the sampling period. This can be done by a suitable choice of the controller
free parameter Q . The controller free parameter @ is assumed to be a proper stable transfer function whose
order equals twice the number of operating speeds. With this assumption the controller order is shown to
equal: Number of degrees of freedom x (order of @ +3). We also show in this paper that the controller free
parameter @ which satisfy our design objectives can be obtained by simply solving a set of linear equations
rather than solving a complicated optimization problem as for example in the H,, synthesis control. A 36
state controller is obtained for the magnetic bearing operating at three different speeds. Several simulation and
experimental results were obtained. The results showed that vibrations are eliminated at the different operating
speeds using the proposed controller.

MATHEMATICAL MODEL FOR THE MAGNETIC BEARING
A- Equations of Motion

Consider the magnetic bearing system shown in Fig. 1.

Ys

Lo,

Fig. 1 Schematic diagram of the magnetic bearing system.

Table 1: Parameters of the Magnetic Bearing [9]

{Parameter | Symbol | Value [ Unit |
Mass of the Rotor m 1.39 x 107 kg
Moment of Inertia about X Jx 1.348 x 1072 kg - m 2
Moment of Inertia about Y Jy 2.326 x 10~1 kg - m 2
Distance between Mass Center i 1.30 x 107! m
and Electromagnet
Steady Attractive Force Fi1.n 9.09 x 10 N
F,2~4',.2~4 220 x 10 N
Disturbance Forces Jay, faw, Sas, Jas ? N
Steady Current I 63 x 10! A
T34, r2~4 3.1 x 107! A
Steady Gap Goj 55 x 10"* m
Resistance R 1.07 x 10 (1]
Inductance L 2.85 x 1071 H
Rotational speed P 2x30,2720,27x10 rad/sec

Assuming that the rotor is a rigid floating body, the fundamental equations of motion of the rotor for the four

radial degrees of freedom [5] are
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The axial motion ( X motion) is independent of the radial motion ( Y,Z, ©, ¥ ), can be controlled sepa-
rately and it is not considered in this paper. All the parameters in Eq. (1) are defined in Table 1.

B- Electromagnetic Equations

1- Force Equation

The electromagnetic force f; produced by the jth electromagnet can be expressed in terms of the coil
current i; and the gap length g; as follows:

f=k(L)2, = 11,12,13,14,71,72, 73, r4 (2)
9;

where k is a constant

2- Coil Voltage Equation

The voltage e; across the j th electromagnet coil, can also be expressed in terms of i;, electromagnet

coll inductance L, and electromagnet coil resistance R as follows:
i}

& =Lg

+ Ri;, j=11,12,13,14,r1,r2,r3,r4

—~~
<
N

C- Linearization

Let F..,1 0j1Goj» and E,; be the nominal values of the force, coil current, gap length and electromagnet
voltage of the jth electromagnet respectively, and let 7,15, 9}, €; be the deviation of these quantities from

their nominal values. Then we can write fi=Fy+ [, i=1;+%, g; =G, +¢;, ¢;= E,; +¢ , where

fi = gt
il
J .
e; = LE + Rl‘lj (4)

and ¢, ,dj are the linearization constants which are given by

G = 3
o]
—2k I
4 = — ()
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The gap deviations vector g can be expressed in terms of y,,2,,8,%,! as follows:

g;l 9;2 (Z‘ - Ie)

— 9r1 - 9r2 | _ (z, +16) (6)
93 s |\ (~y,—19) |
9rs 9r4 (—y, +1¥)

Note that for the horizontal shaft magnetic bearing system
€1 = Cr1y G2 = Gy €3 = €4 T 63 = Crg
dy =d;y, dy=dpy, dyg=dyy=d,3=4d,

Assume that the coil voltages are controlled such that

€1 = —€l3, € = —€13, €3 = —€ly, €3 = —€r4 (™
then we have
iy = —ijp, G = —iry, 3= —ily, Gp3 = —irg (8)
fi—fi. = (en+ep)in +(dy +dp)an
fio=fla = (e Fe)ing +(dpy +dio)gn
fia=fis = 2c3i3+2d139;5
fla=fia = 2303+ 2d,39,5 9)
Also from Equation (6), we have
(913 +9r3) = -2,
(91 +9r1) = 2z
(9;1 - 9;1) = —2l0
(91'3 - 9:3) = —2ly (10)
Substituting Equations (9)-(10) in Equation (1), we then have
. 1 2 v 1
U = (a—ddg)y, + —elia +irs) + —fay
.. 1 1 . . 1
z, = ;(a = 2(d); +dpp))z, — ;n“(cu + )iy +1ip0) + ;n‘fdz
~ p-]z M I Y} - I
& = —J—V’ 7 (diy + dp)(—208) + (cpy + ea)(iy — 3p1) | + J—fdo
v y v
- pl., 1 v l 1
v = J—o + 7 2dj3(=21y) + 2¢;3(i13 — 473) ) + dew (11)
y v v
Let e, =ej3+ery, e, =€, +e,, eg=¢€ —€,, €, =€z~ €3,
then from Equation (4) we have
d( ) . .
€y = L“Q%}LQ + R(ij3 +i73)
d( ;! } .
e, = i)y g i)
di, — it .
€g = L—(-“T_l) + Ry — 1)
d(i)q — 1! ) .
e, = L—(-l’id—t-l—'i) + R(ij5 — il3) (12)
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D- State Space Representation
Let

Xy Uy €y ;/J)
x u e
= 4 = v = ¥ = =
Xg x| u e |*¥ z, | faq
Xg Uy ey 9

Then from Equations (11) and (12) we have

ch Ag(p)xg +Bg(u+v)+ Egfy
y = ngg +n
Zp = ngg’

Sas

(13)

where z, is the variable that needs to be regulated, v represents actuator noise, n represents sensor noise

and
A, 0 0 0 b, 0 0 0
0 A, 0 4 0 b, 0 O
= A4 yo — v
AgP =1 o ¢ 4, 0| Be=|o o b, ©
0 A, 0 A4 0 0 0 b,
S e 0 o W oew 00
— €y - €ay
Ce=lo0 o c, 0} E=10 o ez 0 ]°
0 0 0 g 0 0 0 ey
0 1 0 0 1 0
N A e G s s
0 0 # 0 o £
2@0 " 1 L0 , 0 0
- + ci1it+c =44, 2¢
Ag = mo O SRR A, = S 0 T
0 0o £ 0 =

0 0
€ay = €4, = % » €4g = G4y = % ’"'1=']y/12

The subscripts y, z, 6 and ¢ denote the Y, Z, © and ¥ motions respectively. Note that if the
rotational speed p = 0 the system can be divided into four separate SISO systems. However if p # 0 the
system can be divided into three separate subsystems, two SISO systems and one, two-input two-output system.

In both cases the electromagnets coil voltage are given as follows

en = —enp=(u, +uy)/2,
er; = —€ry=(u, —uy)/2,
ez = —eig=(uy +uy)/2,
ers =  —er=(uy, —uy,)/2

331

(14)



In this paper we design the controller for p =0 .

DISCRETE-TIME Q-PARAMETERIZATION CONTROL

The discretization of each subsystem defined by Eq. (14) using a zero order hold at a sampling time of
T, sec [15] yields the following SISO discrete-time control system:

k+1) = Aga(k)+bgu(k) +b,0(k) + egfulk)
y(k) = c4(k) +n(k)
fk) = egr(k) (15)

A- The Q-parameterization theory

The Q-parameterization theory [11]-[12] states that the set of all stabilizing controllers of a given plant
G(z) can characterized by one free parameter (one-parameter-control feedback) or two free parameters (two-
parameter-control feedback) namely @, and @, .

fa
d
v
r e +e ¥ Nz
SO K(z} 2'@—:6‘—'0(21-[; )'1 b
. G
+
+ N
o

Fig. 2 One-Parameter-Control Feedback System.

Consider the one-parameter-control feedback system shown in Fig. 2, for controlling any of the SISO
subsystems described by Eq. (13), where 2., € IR is the reference (command) input signal, v € R is the
actuator noise, n € IR is the sensor noise, f; € IR is the disturbance force, d € IR is the output disturbance,
u € R is the controller output, z € R is the plant output to be regulated, and K €R is the stabilizing
controller for G(s) . Note that v,n, and f; may also represent model uncertainties. In order to characterize
the set of all stabilizing controllers K for G(z), first we need to construct a doubly coprime factorization (see
(11] for details) N,D,N,D,X,Y,X,Y €RH, for G(z) . First we choose real matrices f, and f, such that
the matrices A, := A; —b,f, and A, := A, — f,c, are stable (all the eigenvalues of A, and A, lie inside
the unit circle), then the doubly coprime factorization N(z), D(z), N(z), D(z),X(2),Y(z),X(2),Y(z) € RH
for G(z) is given as follows

N(z) = cyzI=A,)7"b

D(z) = I-f(zI-A4,)7"b

N(z) = cy(zI—A,)7 b

D(z) = I-cysI—-A4A)'h

X(z) = filzI-A)7f,

Y(z) = I+ f(zI-A,)""b,

X(z) = fGI-4,)7'f

Y(z) = I+cg(zI-A4)""f (16)

Then the set of all stabilizing controllers for G(z) is given by

K(z) = {(Y(2) = Q)N ()" (X (2) + Q(z)D(2)), Q(z) € RH,,, |Y(2) - Q(z)N(z)|#0}.  (17)
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B- Controller Objectives

The following controller objectives are imposed

1. We need to achieve robust stability against speed and other parameter variation; and achieve fast and
well damped transient response

2. We need to achieve rejection of low frequency disturbances

3. We need to achieve asymptotic rejection of the class of sinusoidal disturbance with frequency equal to the
rotational speed p , in order to compensate for the unbalance.

C- Controller Synthesis

1. In order to satisfy requirement No. 1, the closed loop poles must,_be located at a prescribed region in the
open left half plane. This can be achieved by choosing N,D,N,D,X,Y,X,Y,Q €D, where D, isa
subset of RH_, defined as shown in Fig. 3.

Imi{s}
-1
. 6=cos By
D, N
9 Re (s}
as ,

Fig. 3 Generalized region of stability.

2. In order to satisfy requirement No. 2, the controller must have a pole at z = 1. This can be achieved by
choosing Q(z) such that the following identity holds

K(z=1)=00 (18)
From Eq. (17), Q(z) must satisfy the following Equation

Y(z=1)-Qz=1)N(z=1)=0 (19)

3. In order to satisfy requirement No. 3, the controller free parameter Q(z) must be chosen such that the
controller has poles at z = exp®*/?T+ . This can be achieved by choosing Q(z) such that the following
identity holds

K(z = exp’?T") = 0 (20)

Let us assume that the operating speeds of the magnetic bearing are P1,P2, ---P.- Then at each operating
speed the frequency of the generated unbalance sinusoidal disturbance forces equals p,, k =1,2,..r. In order
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to achieve asymptotic rejection for the class of sinusoidal disturbance with variable frequencies, the following

condition is imposed on Q(z) '
K(z= exp’”*Te) =00, k=12,...7 (21)

From Equation (17) we have
Y(z=expPT) - Q(z = exp’”*T )N (z = exp’?T*) =0, k=1,2,...r (22)
Equations (22) are in fact 2r equations, r equations for the real part and r equations for the imaginary

part. Equations (19) and (22) indicate that we have 2r + 1 equations in Q(z) , this suggests that Q(z) can
take the form

a a a
Q(z)=ay + L4 2 4 + —— (23)
O (z—z) (2 1z) (z - z,)
where ag,ay,....... a, € R are free design parameters and z,, 25, ........ z, > a, € R are fixed. Note that Q is
a proper stable transfer function whose order equals twice the number of operating speeds.

Theoretically we should be able to design a controller which achieves asymptotic rejection for the class
of sinusoidal disturbance of variable frequencies. However in this case as the order of Q gets higher, so does
the controller. In this case the practical implementation of the controller becomes difficult. Model reduction
techniques [14] must be used to reduce the order of the controller. In this paper we design a controller for
magnetic bearingsrotatingat three different speeds p;, p,, and p3, so Q(z) is chosen as follows:

a, a, as a, as ag
z)=ap + + + + + + (24)
)=t oY sy T o) oz G-7) (-7
Then we have
a a a a a a
z2=1)=a, + 1 + 2 + 3 + 4 + 5 + 6 (25)
Q=N =0+ G 5 0o " Uom "=z (-2 (%)
a; a, ag a, as ag _
p,) = ag + + + + + + , k=1,2,3 (26)
Q) = o+ (o S+ o Y (g —70) | (epa = 2a) | (o9 — 75) | (2Ps — %)

where zp, = exp/”*T: Egs. (25) and (26) are in fact seven linear equations in the seven unknown free design
parameters @y, 4;, d,, a3, G4, G, Gg - In order to solve Egs. (25) and (26) for ag, a,, ay, ag, G4, Gs, G¢
we need first to solve Eqgs. (19) and (22) for Q(z = 1) and Q(z = exp’”*T*), k¥ =1,2,3. Egs. (19) and (22)
are also linear equations in @(z =1) and Q(z = exp’™T*), k =1,2,3 . From Egs. (19) and (22) we have

Q=1 = Y(z= DN~ Yz=1),
Q(z = exp?*T) = Y(z= exp! T )N}z = exp’”*T?),  k=1,2,3 (27)

Then the design parameters ay,a;,a,, a3, a,, as,as can easily be found by solving the following set of linear
equations: Let zpp,; = 1/(z2pp - 7;), £=1,2,3, j = 1,2,...6. Then we have

a 1 (1 -2) Y(l=z) /(A-zy) 1/(1-z) (l-2) 1/(1-z) \~ [ Qz=1)

a, 1 R(zpp,,) R(zppys) R(zppiz) R(zpps)  R(zppis)  R(2ppi6) R(Q(z = zp,))
a; 0 S(zppy,)  S(zppya) 3(zpp13)  S(zpp1a) S(zppys) S(zppys) (Q(z = zpy))
gy | = | 1 R(zppy) R(zppyy) R(2ppys) R(2ppas)  R(zPP2s)  R(zPP2s) R(Q(z = zp,))
ag 0 S(zppy) S(2pPr)  S(zppys)  9(2ppas)  S(2pPas)  S(2PPas) (Q(z = zpy))
as 1 R(zpps,) R(zpp32)  R(zppss) R(zppss) R(zppss)  R(2PP3s) R(Q(z = 2zp3))
ag 0 S(zpp3)  S(zpp3,) 3(zppa3) S(zppss) S(zpp3s) 3(2pPae) 3(Q(=z =(;g§s))

where R(e) and J(e) denotes the real and imaginary parts of (o).
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RESULTS AND SIMULATION

The method of controller design discussed in section IV is applied to a magnetic bearing system whose
parameters are given in Table 1. The u synthesis Toolbox [16] with Simulink were used for the design and
simulation. The system is discretized using a zero order hold at a sampling time T, = 158usec . The controller
K(s) is designed at a speed p = 0 rad/sec and must be able to keep the system stable for a speed range
(0 —27250) rad/sec. The operating speeds are assumed to be p, = 2730 rad/sec, p; = 2720 rad/sec, and
p3 = 2710 rad/sec. The generalized region of stability D, is defined by the following parameters: a, = 0.995,
B4 =0.707 to insure a certain degree of stability against parameter variation and to get fast and well damped
transient response. z; = 0.99, z, = 0.981, 25 = 0.984, z, = 0.981, z; = 0.978, 25 = 0.975. The following
results are obtained: The controller free parameters ag,a,a,, 3, a4, g, ag  Which satisfies Egs. (19) and (22),
for each subsystem of Eq. (13) were found to be

Y —motion: @, = 77x107, a; =144 x 107, a, = —1.589 x 10%a, = 6.649 x 10°, a, = —1.325 x 10°,
a5 = 1.262 x 10°, ag = —4.618 x 10®

¥ —motion: a; = T7.63x 107, ¢, = 1.427 x 107, a, = —1.574 x 10%a, = 6.583 x 10, a, = —1.312 x 10°,
a5 = 1.250 x 10°, a4 = —4.573 x 10°

Z-motion: ¢, = —5258x 107, a; = —9.55 x 10°, a, = 1.053 x 10%a, = —4.406 x 108, a, = 8.782 x 108,
as = —8.369 x 10®, a5 = 3.061 x 10°

© —motion: a; = 5209 x 107, a; = 9.461 x 10°, a, = —1.043 x 10%a; = 4.363 x 108, a, = —8.696 x 108,
a; = 8.288 x 108, a5 = —3.031 x 108 (29)

Substituting the Q’s in Eq. (17) we get (after model reduction) a 9 state controller for each of the four
subsystems. The overall controller of the whole system has 36 states and is formulated as follows:

Ky(z) 0 0 0
Ko)=| o "9 Kzo(z) 0 (30)
0 0 0 Kof2)

where Ky (z), Kg(2), Kz(2), Kg(z) are the controllers of the Y, ¥, Z, © subsystems respectively.

Table 2: Controller order Vs. Number of operating speeds
[Number of operating speeds] Degree of controller ]

20
28
36
44
52
60

-
r
r
r
r
r

QU W

1l
2

r

No.of degrees of ffgedom x(2N 4+ 3)

An interesting observation from the controller design procedure explained in the previous section is shown
in Table 2. Table 2 shows a relationship between the number of operating speeds and the degree of the controller.
We can conclude from this table that the degree of the controller equals: number of degrees of freedom x(2N+3)
where N is the number of operating speeds or equals: number of degrees of freedom x (order of @ +3).

A plot of the singular values of the loop gain GK is shown in Fig. 4. High loop gain at low frequency
and low gain at high frequency are achieved. A plot of the singular values of sensitivity is shown in Fig. 5. From
Fig. 5 we can see that the sensitivity is small at low frequencies which means good disturbance rejection for the
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class of step disturbances and approaches zero at the frequencies w, = 2730 rad/sec, wy, = 2720 rad/sec and
wy = 2710 rad/sec which means asymptotic rejection of the unbalance sinusoidal disturbance forces at these
speeds.

In this design, we ignored the interference terms, which express the gyroscopic effect, as p = 0. We
therefore verify the robust stability of the system against the changes in the rotor speed. Let the perturbed
plant p # 0 be denoted by G,p and the additive perturbation A, from G is as follows:

A,=G, -G (31)

The robust stability is guaranteed if the following inequality holds:

(32)

- 1
7(&) < ST T GRT)

Fig. 6 shows the singular values plot of 1/¢(K(I + GK)~! and G(A,) at p = 27250 rad/sec. From Fig.
6 we can see that the system is stable up to a speed p = 27250 rad/sec. Fig. 7, Fig. 8, Fig 9 show the

gap deviations due to unbalance and electromagnet forces acting on the rotor. In Fig. 7, 8, and 9 we can see the good
suppression of the imbalance forces at the variable three design speeds.

w 10
Varicat 2-THETA (-}, Hoaontsl: Y- EPSH{—)
10
w
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, i
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w0 10 \“
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w:a‘ 10" 4 w' ' ' 10 m:o‘ w0 10* 10' ' 10 0 W"" ! w ' ! 0 '
Frequency (racisec) Fraquency (radisec) Frequency (radeec)
Fig. 4 Singular values of the loop Fig. 5 Singular values of the sen- Fig. 6 1/5(K(I + GK)™') (-)
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Fig. 7 Airgap variations due to unbalance and magnetic forces acting on the bearing for p = 2730 .
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Fig. 9 Airgap variations due to unbalance and magnetic forces acting on the bearing for p = 2710 .

CONCLUSIONS

In this paper we employed the discrete-time Q-parameterization control to design a controller which
achieves elimination of unbalance vibrations in variable speed magnetic bearings. The free controller parameter
1s chosen such that the controller has poles on the unit circle at z = exp’?*T* for the different speeds of rotation
Pr », and satisfies other control objectives. This insures asymptotic rejection of the unbalance disturbance forces
generated by the unbalance. The controller free parameter @ is assumed to be a proper stable transfer function
whose order equals twice the number of operating speeds. We showed that the free controller parameter is
obtained by solving a set of linear equations rather than solving a complicated optimization problem. We also
showed that the controller order equals: Number of degrees of freedom x (order of @ +3). The controller is
designed at speed p = 0 and the good simulation results that were obtained at speeds p = 2730 rad/sec,

— Vw1l radicar g
= &4Wiv TaG,/5€C S

Elimination of unbalance vibrations in a variable speed magnetic bearing can also be achieved by making
the rotor rotate around its axis of inertia at the different operating speeds (automatic balancing). In this case
the rotor will be free from vibrations. This can be done using the same procedures explained in section III and

(5)-
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