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ABSTRACT
High precision tool path tracking with magnetically sup-
ported spindles is considered. It is shown how a new
choice of the flat output used may facilitate the control
design. Results from simulations and experiments illus-
trates the usefulness of the approach.

INTRODUCTION
Using active magnetic bearings in machine tool spin-
dles makes it possible to drill non-circular holes. This is
achieved by prescribing the path of a single cutting edge
on the tool. This motion must be synchronized with the
spindle rotation. A high precision synchronous tool path
tracking problem results. It can be solved either by mov-
ing the whole spindle parallel to its axis of symmetry or
by fixing an arbitrary point on this axis. The latter then
generates a cone. Of course, such motion is of very re-
stricted amplitude.

There is an industrial demand for such spindles which
should allow non-circular motion of the order of 50
micro-meters. The precision required is very demanding,
path tracking errors must be less than 1 micro-meter on
circular paths and 3 micro-meters on non-circular ones.
Typical rotational velocities are up to 10000 rpm. This
problem is the subject of a cooperation with Axomat
GmbH (see also [4]). Several types of spindles have been
constructed and tested.

The control is realized as a cascade, with a current con-
troller in the inner and a position controller in the outer
loop. The inner loop can be characterized as a model pre-
dictive deadbeat controller which is based on the “elec-
tric model” of the bearing coils. The outer loop is based
on the rigid body “mechanical model” together with the
model for the static relation between the bearing currents,
the air gap lengths, and the bearing forces. A nonlinear
model is used for that. The control design follows the
flatness based control paradigm. Several solutions of this
type have been proposed in the literature [1, 4, 3].

Compared to the references cited, in the present contri-
bution a simplification of the approach is proposed which
relies on the use of a flat output consisting of the posi-

tions of the rotor in two planes perpendicular to the spin-
dle symmetry axis. These planes can be freely chosen.
Choosing the plane of motion of the cutting edge as one
of them is particularly useful. The other plane is cho-
sen somewhere at the other end of the rotor. Tracking
error dynamics for the motion in these planes may then
be chosen independently. This can be done using mov-
ing frames also, which yields invariance w.r.t. the choice
of the coordinates (see [2] for the theory of invariant
tracking control). Another advantage is the possibility to
achieve high precision tool path tracking while reducing
bearing force variations (vibrations, thus). The parame-
terization of the dynamics is simplified, too.

The paper has the following structure: In the next sec-
tion a description of the equipment is given, then a math-
ematical model is introduced. After this, three variants
of the flatness based controller design are detailed. They
differ in the choice of flat outputs and tracking errors,
respectively. Results from simulations and experiments
illustrate the usefulness of the approach. High precision
tool path tracking is shown to be achieved.

DESCRIPTION OF THE DEVICE
A typical spindle used in our laboratory equipment is the
following. The rotor (about 0,6 m long, 10 kg) is levi-
tated by two three-phase electromagnetic radial bearings,
arranged like 3 coupled “horseshoe magnets” around the
rotor (see Figure 2) and a classical axial disc bearing. The
drive is an induction motor. Figure 1 shows a laboratory
spindle, industrial ones are of a similar type from the con-
trol point of view but have a different housing.

The rotor position and orientation is measured with
two pairs of eddy current sensors in two planes perpen-
dicular to the axis of symmetry and another one for the
axial rotor position. The angular position for rotation
about the longitudinal axis is measured with a contact
free incremental sensor. This measurement is needed to
synchronize the tool path with the rotation. In the lab-
oratory spindle power amplifiers used are switched tran-
sistor bridges the duty ratios of which serve as the eight
independent controls (3 per radial bearing, 2 on the axial
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FIGURE 1: Photograph of a laboratory spindle.

one). Designs of current control loops can be tested with
these amplifiers. In industrial equipments current con-
trolled amplifiers are used. The computer hardware on
the test-bench is a dSpace 1103.
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FIGURE 2: Sketch of the three-phase radial bearing and
simplified horseshoe type decoupled model.

MATHEMATICAL MODEL
The mathematical model of the spindle is based on the
rigid body assumption, and the dynamic equations can be
written as follows.

mẌ = Fx,+ + Fx,− +mgx

mŸ = Fy,+ + Fy,− +mgy

mZ̈ = Fz,+ + Fz,− +mgz

J2 ψ̈ = −(lb,+ −X)Fz,+ + (lb,− +X)Fz,− − J1 φ̇ θ̇

J2 θ̈ = (lb,+ −X)Fy,+ − (lb,− +X)Fy,− + J1 φ̇ ψ̇

J1 φ̈ = Dφ

Here X , Y , and Z are the coordinates of the center of
mass of the rotor in a Cartesian frame (with axes x, y,

and z) which is fixed in space, at a point being consid-
ered as the “center” of the device. The angles φ, ψ, and θ
describe the angular position of the axes of a body-fixed
frame. As the motion is restricted by the small lengths
of the air gaps, the Euler angles (Bryant angles) ψ, θ can
be interpreted as angles made with the x-axis (the axis of
symmetry of the device). The components of the forces,
Fx,− etc., are indexed by + and − corresponding to the
two bearing planes, which are indicated in Figure 1 to-
gether with the corresponding distances lb,− and lb,+.
The remaining parameters are: the mass m of the (sym-
metric) rotor, its principal moments of inertia J1 and J2,
and the gravitational acceleration (gx, gy, gz). Finally,
Dφ denotes the driving torque.

As further simplifications, gyroscopic forces can be ne-
glected, and the axial displacement X being very small
against lb,− and lb,+ the axial motion can be decoupled
from the radial one. The same holds for the rotation about
the x-axis. The control of these two mechanical degrees
of freedom (corresponding to X and φ) is not considered
here. With these assumptions the model can be re-written
as









Ÿ

Z̈

ψ̈

θ̈









= M








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0
0
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
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

(1a)
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M =








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
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0 1
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

(1b)

In the simplified model used here, the resulting mag-
netic forces in the two bearing planes are given by the
superposition of forces generated by the horseshoe mag-
nets (j ∈ {+, −}):

(

Fy,j
Fz,j

)

= B





F1,j

F2,j

F3,j



 (2)

where

B =

(

cosα1,j cosα2,j cosα3,j

sinα1,j sinα2,j sinα3,j

)

The angles occurring in the definition ofB are introduced
in Figure 2 (an index j being added to distinguish be-
tween the bearings).

The individual magnetic forces can be modeled as
usual (j ∈ {+, −}, k ∈ {1, 2, 3}):

Fk,j = λk,j
i2k,j

(

sj −
(

cosαk,j
sinαk,j

)T (

Yb,j

Zb,j

)

)2
(3)
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where Yb,j , Zb,j are the positions in the bearing planes,
sj the nominal air gap length and λk,j a constant param-
eter depending on bearing geometry and materials.

The relations between the positions Yb,j , Zb,j and the
measured positions follow by inspecting the respective
positions of the axis of symmetry in the bearing planes
and the measurement planes and the distances between
these planes as introduced in Figure 1.









Yb,+

Zb,+

Yb,−
Zb,−









= Tm,b









Ym,+

Zm,+

Ym,−
Zm,−









(4)

with the matrix Tm,b = Tm + Tb defined using

Tm =
1

lm,+ + lm,−









lm,− 0 lm,+ 0
0 lm,− 0 lm,+

lm,− 0 lm,+ 0
0 lm,− 0 lm,+









and

Tb =









lb,+ 0 −lb,+ 0
0 lb,+ 0 −lb,+
lb,− 0 −lb,− 0
0 lb,− 0 −lb,−









CONTROLLER DESIGN
The controller has a cascade structure. The inner con-
troller is used to follow a current reference which is gen-
erated by the position controller of the outer loop. The
static relation between forces and currents can be used
to select force inputs which serve as the controls of a
flatness-based position tracking controller. This latter is
based on the rigid body model.

In the following, the by now well-known flatness-
based design using the rigid body coordinates, i.e., its
position and orientation, as components of a flat output
(cf. [4, 1]) is discussed. After this a new design is pro-
posed, which is based on coordinates that are more inti-
mately related to the application in mind, namely position
coordinates in two so-called control planes (see Figure 1
again). This provides a more direct interpretation of the
design, which considerably simplifies the parameteriza-
tion of the control law.

Two control designs of this type are discussed, one
making use of Cartesian error coordinates in frames fixed
in either one of the two control planes, the other one us-
ing moving frames. Independent error behaviors can be
chosen for the motion in the control planes. For this dis-
cussion forces are considered as the control inputs.

The method used to calculate the currents is the same
for either of the position control approaches. It is,
therefore, described after the discussion of the different
position control loops.

Position and orientation based errors
In previous work [1, 4, 3] the rigid body position (Y, Z)
and angles ψ, θ have been used in the control design.
They are related to the measurements, i.e., to the posi-
tions of the axis of symmetry of the rotor in two so-called
measurement planes (see Figure 1 again), by the follow-
ing transformation:




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
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θ
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

where
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1
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
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0 lm,− 0 lm,+
0 −1 0 1
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

The tracking error may then be defined as

e =








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ez
eψ
eθ









=






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





−






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Y

Z

ψ

θ









(5)

and a simple (yet classical) choice of an error dynamics
is the one of 4 decoupled linear oscillators:

ë+K1ė+K0e = 0

where K0 and K1 are diagonal matrices with real pos-
itive entries. Introducing accelerations ay, az, aψ, aθ as
auxiliary variables this can be solved as


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


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
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




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+K1ė+K0e

Then the corresponding forces are obtained from the rigid
body model (1) through
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
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
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0

















(6)

Position errors in control planes
In view of the application under consideration it is more
convenient to use the position errors in two so-called con-
trol planes (Figure 1). The positions of the axis of sym-
metry in the two control planes are









Yc,+

Zc,+

Yc,−
Zc,−









= Tm,c









Ym,+

Zm,+

Ym,−
Zm,−








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where Tm,c = Tm + Tc with

Tc =









lc,+ 0 −lc,+ 0
0 lc,+ 0 −lc,+
lc,− 0 −lc,− 0
0 lc,− 0 −lc,−









Errors may now be defined as

ec =


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
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



(7)

Interpretation of these errors is more obvious than with
angles. The error dynamics may be chosen as above (with
positive diagonal gains):

ëc +K1,cėc +K0,cec = 0

This defines the controller:

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and the forces must satisfy
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with

Tc,0 =
1

lc,+ + lc,−


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



lc,− 0 lc,+ 0
0 lc,− 0 lc,+
0 −1 0 1
1 0 −1 0









Errors in moving frames
Pairs of scalar errors can be introduced by considering
projections of ec on the axes of frames the origin of which
move on a circular path (as would do a point on the rotor
surface if the axis of symmetry were fixed in space). Unit
vectors in the directions of these coordinate axes and their
derivatives are given by

τ = (cosφ, sinφ), ν = (sinφ,− cosφ)

τ̇ = −φ̇ν, ν̇ = φ̇τ

τ̈ = −φ̇2τ − φ̈ν, ν̈ = −φ̇2ν + φ̈τ

Then new error coordinates are defined by Ec = Rec
with

R =









τ 0
ν 0
0 τ

0 ν









Once again linear error dynamics may be chosen:

Ëc +K1,cĖc +K0,cEc = 0

where

Ėc = Ṙec +Rėc

Ëc = R̈ec + 2Ṙėc +Rëc

This leads to








ac,+,y

ac,+,z

ac,−,y
ac,−,z









=


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
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Ÿ ref
c,+

Z̈ref
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Ÿ ref
c,−
Z̈ref

c,−









+R−1
(

2Ṙėc + R̈ec + · · ·

K1,cĖc +K0,cEc

)

which can be used in (8) to calculate the control forces.

Calculating control currents
As mentioned above, the current references are obtained
from the forces, and this relation is independent of the er-
ror definition. In order to simplify the notations, symmet-
ric bearings are assumed, i.e., α1,j = 0◦, α2,j = 120◦,
α3,j = 240◦.

In each of the three designs detailed above the result is
a pair of independent forces in each of the bearing planes.
A third force can be chosen independently. Choosing
F1,j , j ∈ {+,−} yields

F1,j =

{

F0,j if Fy,j ≤ − |Fz,j|√
3

F0,j + Fy,j +
|Fz,j |√

3
else

with arbitrary non-negative F0,j . The remaining two
force components per bearing are obtained from the
model (2) of the electro-magnetic part as

F2,j = F1,j − Fy,j −
Fz,j√

3

F3,j = F1,j − Fy,j +
Fz,j√

3

Current control inner loops
For the current control loops bearing coils may be con-
sidered as independent. Thus, a simplified model com-
prises an inductance L and a resistance R only. Exact
discretization of the linear model

d

dt
(Li) = u−Ri

where L depends on the rotor position, and standard
linear discrete time control design is used. The inner loop
sampling may be synchronized with the outer loop. Such
control is employed on the laboratory test equipment.
As an alternative, industrial current controlled amplifiers
may be used.
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FIGURE 3: Positions and forces in z-direction with position and orientation based errors (left) and position errors in
two control planes (right).

Trajectory design and observers
Design of reference trajectories and observers has been
discussed at several places, see e.g. [4, 5, 6] and in par-
ticular [3].

RESULTS FROM SIMULATIONS AND EXPER-
IMENTS
In the simulation reported here a rotor turning at
9000 rpm is considered. A force acting in the tool plane
is assumed, the amplitude of which increases linearly be-
tween t0 = 0.015 s and 0.025 s reaching the final value
20 N, while its direction is synchronous with rotation.
This may be considered as simulating a cutting force. The
rotor is held at the center position, oriented along the axis
of symmetry, i.e., (Y ref , Zref , ψref , θref) = (0, 0, 0, 0).

First the error defined considering the position of the
center of mass and the orientation of the rotor is used.
An observer provides estimates of the velocities as well
as constant and synchronous harmonic disturbances, as
discussed in [4, 5, 6, 3]. Trajectories of the horizontal po-
sition and of the bearing forces in z-direction are shown
on Figure 3.

Then the position errors in control planes are used
(fixed frames). One of the control planes lies in the
tool plane, and high precision tracking is achieved in
this plane by using the same type of velocity plus distur-

bance observer as before. The second control plane co-
incides with the (b,−)-bearing plane and the controller
used is designed such as to reduce bearing force varia-
tions, which would excite vibrations. Results are given
on Figure 3 again.

As can be seen on this figure, with both approaches
similar high precision is achieved in the tool plane. How-
ever, with the new control design vibrations can be dras-
tically reduced.

In the experiments vibrations result from residual rotor
unbalance. (No cutting has been performed here.) These
vibrations can be drastically reduced with the new con-
trol design, as can be seen on Figure 4. Forces given are
calculated from the current references and the measured
positions. The tracking error is smaller than 2 µm noise
included.

An experimental result of elliptic tool path tracking is
given on Figure 5. As above, speed is 9000 rpm, and
exact tracking of an elliptic path with 5 and 10 µm axes
is required while reducing forces in the (b,−)-bearing.

CONCLUSION
Introducing two control planes and considering the po-
sition errors of the rotor axis of symmetry in the con-
trol design is an interesting alternative to prior designs.
It simplifies the interpretation of the closed-loop behav-
ior, i.e., the choice of controller gains. Furthermore, the
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FIGURE 4: Positions and forces in z-direction with position and orientation based errors (left) and position errors in
two control planes (right).
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FIGURE 5: Measured paths in the tool plane and the
(b,−)-plane (both also used as control planes) with an
elliptic reference tool path.

closed-loop can be designed in such a way that high pre-
cision tool path tracking is obtained while simultaneously
reducing vibrations.
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