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ABSTRACT Incorporating tuneable parameter dependence is

In this paper, a method is presented for the derivation Straightforward for low order controllers, which are only
tuneable multivariable controllers for application to adeépendent on a small number of parameters. However,
magnetic bearing/rotor system. Controller desigrfn® formulation of high order parameter dependent
specifications are considered that e optimisation optlmgl controllers presents a more difficult problem
criteria with linear parameter dependent shapingh@t Will be the focus of the paper.

functions. Linear matrix inequality (LMI) techniques As well as allowing the fine-tuning of performance, a
are used to synthesise controllers that satisfyHhe parameter dependent controller allows the control law to
design specification over the range of parameter valud¥ varied according to the state of operation. For
using a convex interpolation of vertex controllers. Inexample, the dynamics of the plant may be dependent
this way the design parameters that determine then a number of time varying parameters. Therefore an
shaping functions can be adjusted on-line to tune th@ppropriate control law that is also dependent on these
performance and robustness characteristics of thearameters will enable good performance to be achieved
controller. Specific performance measures that aréver the entire range of operating conditions. When the
considered are those of rotor synchronous vibratioplant parameters are measured or estimated in real time
levels, transmitted force levels, base motion rejection, aand used to automatically adjust the control law this is
well as controller stability margins. The effectiveness otermed gain scheduling. An obvious application of gain
such an approach for the synthesis of tuneatle scheduling in rotor/magnetic bearing systems is the use
controllers for a rotor/magnetic bearing system if a controller that is a function of the rotational speed.

evaluated. Mason et al. [1] exploited the linear dependency on
rotational speed from gyroscopic influences of a flexible
1. INTRODUCTION rotor system matrix to derive a gain scheduldd

) . controller that guaranteed a prescribed level of
Tuneable controllers compare favourably \_Nlth f'xedperformance over a wide running speed range. Sivrioglu
controllers that are selected on the basis of theifnq Nonami [2] have also considered this technique and
predicted performance, which may be poor in practic@ompared it with scheduled sliding mode control for a
due to modelling inaccuracies. In the case Ofyrpomolecular pump having a single active magnetic
rotor/magnetic bearing systems, such inaccuracies M@%aring. In these cases, a plant with dynamics that are
arise in a theoretical model of the system due tQependent on time varying parameters was controlled
_dlscretlsatlon and lumped parameter approxma’uons. Using an algorithm that was also dependent on those
is therefore advantageous to be able to fine-tune gyrameters. However, an extension of this concept that
controller on-line to improve performance in thepas not been widely considered is the use of parameter
presence of such uncertainties. A simple example woulgependent controllers where the parameters can be used
be the tuning of proportional and derivative feedback i, select the required performance and/or robustness of
PID control to give an acceptable combination ofine closed loop system on-line. The plant itself need not
bearing stiffness and modal damping in the closed looge time varying. Such high order optimal controllers

system. In addition, robustness problems, such &gt are functionally dependent on a number of 'tuning’
instability of unmodelled rotor flexural modes can beparameters are considered in this study.

avoided if controller gains can be tuned on-line.
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2. CONTROL OF LINEAR PARAMETER Existence conditions for the controller satisfying a

DEPENDENT SYSTEMS closed loopH., specification (Jf|L.<)) require that two
Control synthesis techniques for linear parametepymmetric matriceX andY can be found such that [4]:
dependent systems have been developed [3] based on a E\ X +XAT XCT
LMI formulation. Their main application has been to the 0 ! U
design of gain-scheduledd. controllers for plants HD CyX - Db, %(0
whose dynamics can be approximated by affine ﬁ B} DLJ -l

1j %
parameter dependent models. Provided these time T T
varying parameters can be estimated or measured o 0 E\ Y YA, YBy,
line, then the appropriate gain scheduled controller wiII%v‘ %D B,Y =l 11,
ensure thed,, performance criterion is satisfied over the E c! D]
entire range of considered parameter variations. Such '
synthesis techniques are applicable to plants that can be
modelled with the state space equations: E<

x=A(p) x+B,(p)w+B,u for all j, where the indek denotes the system matrices

z=C,(p) x+ Dy,(p)w+ D, u (1) for each of the vertex parameter values. Matricemd

y=C, x+D,w+D,, U M are bases of the null spacesBf'[D,'] and [C, Dy
respectively.

If a common solutionX andY) can be found for all the
Sertex system matrix values then an arbitrary system
matrix formed from a linear interpolation of the vertex
system matrices (equations (3) and (4)) will also satisfy
glfe;f]leemvectr?;vﬁ]fgtlm%e\f/i?‘reycljng ?O?/Lirrneteﬁé eaucg]perthese inequalities and _hencg a pargmeter scheduled

_ controller of the form given in equation (6) can be
bounds p, (t)andp, (t): constructed [3].

p(d=[n()..a0l. pO<pls<pl) @

3. GENERALISED LOOP SHAPING
All parameter values will therefore be contained within. . .
. . . . . The usefulness of thkl, controller design method is
an n dimensional box having verticd®, . Defining

enhanced when shaping (or weighting) filters are
the overall plant system matri$as included in the plant formulation. These allow the

where the vectory andu are the control outputs and
inputs, z and w are the error outputs and disturbance
inputs respectively, and contain the dynamic states.
The indicated state space matrices are affine functions

DA(p) | Bl(p) B, O closed loop frequency response of the system to be

s(p)= %;1( p) | D.,(p) Dlzg (3) influenced through appropriate choice of shaping filters.

Ac D DB Shaping filters are often chosen as diagonal transfer

2 2 22 function matrices that act on the plant inputs and

then S(p) can be formulated as a summation over th@utputs. The most general case is shown in figure 1 and

vertex system matriceXP)): corresponds to the weighted open loop plant given in
$p)=als(Pl)+ ...+aNS(PN) 4) the Laplace transform domain as

where the coefficients; can be calculated from a linear ( )D D \(V) Zﬁ( )S\M )S W( # Q”(S)\M (S) ( )E
decomposition of(t): % s)0 O W s@()swW b W(3G.(9w, (S)%j()
9)
p=a, R+ .F#ay P, a; 20 Zai =1 (3 A closed loop controlleK that satisfies am., (peak
= gain) specification for the weighted plant can then be
If the parameter dependent controlfgiis formulated in  modified through combination with the shaping filters
the same way, as an interpolation of vertex controllers: to give a controller WKW, that stabilises the

s(p=a,S(R)+..+a,S.(Py) (6) unweighted plant. The closed loop response then

satisfies
where

lwT(e KW, <y (10)
s

B
c( )= EAcgpg DCED%D (7)  The inclusion of shaping filters at the control inputs and
e\P \P/0 outputs W, W,) can be used to ensure the controller has
then the closed loop system matrix can be constructetesired characteristics, such as integral action, or poles
as a summation over the vertex closed loop systewr zeros at specified locations.

matrices. The inequality equation (10) is equivalent to

s (iw)a(r(iw)eWw.(iw)sy a1
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z arbitrary but bounded parameter values can be formed
W — — W from a linear interpolation of vertex system matrices
W G G > e having the maximum and minimum parameter values.
G G;” This is important as it allows the parameter dependent
= LW, shaping filters to be specified within the type of control
y problem considered in section 2, for a linear parameter
dependent plant. An affine dependence of the state
K space matrices on the poles and zeros can also be
achieved for a second order transfer function with
controller complex poles or zeros by using a real modal
representation.

As an example, consider a second order transfer
function with poles ats=+jw,. If two such transfer

ao 05 1 functions with natural frequencias, and a» are taken

as vertex systems then the system matrices for a filter
having a natural frequenay, wherew <, <w» can

be formed from a linear interpolation of the
corresponding vertex system matrices. This is illustrated
in figure 2, which shows such a parameter dependent
filter, the type of which will be used in subsequent
controller design. The filter with natural frequerwyis
constructed from the overall system matrix of two
vertex filters with natural frequencieg =1000 andw,

40 = 3000 rad/s:

102 Frequencyl(?Zdlsec) 104 i"n) =a dw2)+ (1_ a) S(wl)
Figure 2 Vertex shaping filters ¢ - -) and linear a= (wn _wl)/(wZ _wl)

interpolation (—) Higher order filters can be constructed by connecting
such first and second order filters in series, without
The shaping filtersW,,, W,) can therefore be chosen to losing the linear dependence of the system matrices on
place a frequency dependent bound on the maximuthe pole and zero locations.
gain of the closed loop system frequency response. In
most design problems, inclusion of\V, alone is 5. SYSTEM DESCRIPTION

sufficient to give the required level of design influence.
g a g The system model considered in this study is based on a

turbomolecular pump having five control axes (although
4. LINEAR PARAMETER DEPENDENT only transverse rotor motion and control will be
SHAPING FUNCTIONS considered). The magnetic bearings are of standard
The state space matrices for a shaping filter, if suitablgesign with position feedback control being applied.
chosen, can be given a linear dependence on certdiine radial displacement of the rotor is measured,
characteristic parameters that are important in theielative to the stator in two planes. External disturbance
application to loop shaping. Namely, the location of thesources are present that can cause vibration of the
poles and zeros and the overall gain, which are directlyystem base, but also a direct forcing disturbance acts
related to the shape of the filter. This is most easilyn the rotor, for example, due to unbalance forces. The
demonstrated by considering the first order transferunning speed range of the rotor is3@00 rad/s. A

plant

Figure 1 Closed loop system with shaping filters
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function schematic diagram is shown in figure 3.
5 k(s—a) The state space description of the system dynamics has
F(S)—W 12) " the form
having a pole a = b, a zero as = a and a gain factdk. X= A(Q)X+ B,utEf (15)
Consider the state space representation of this system y=C, x-vy,

given by where x is the vector of rotor states (translatory and

_OA|BO_Ob |kO rotational displacements and velocities)the vector of
S (kab)= %: | DE_ Eb_ al k% (13)  forces applied by the bearingk,the vector of direct
forces acting on the rotory, the vector of base
It can be seen that with this representation the systefiisplacements at the sensor locations andthe
matrices have an affine dependence on the specifigfleasured rotor displacement (relative to the base). The
parameters. Hence, the system matrix for a filter withsystem matrices are derived from the rigid body
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dynamics of the spinning rotor and therefore the and error outputz = [y, y+y,]. Vertex plants are
matrix has a linear dependence on rotational frequencelected, corresponding to two different rotational
Q through gyroscopic effects. frequenciex2;,. A second order shaping filté, acts

For magnetic bearings operating in an opposing pol@n the outpuy, having poles close to the imaginary axis
pair configuration, with constant bias currents andVith natural frequencies equal to the two rotational
differential driving mode, the linearised bearing forcefrequencies @ .=Q.7). Solving the LMI problem
can be written as (equation (8)) for the two vertex system matrices gives a
U=u+K.y (16) parametgr dependent solution for all rotational
¢’ Tz Jdm frequencies between the two vertex values. In effect the
whereu is the bearing control force due to the controlpoles of the shaping filter, rather than being fixed, can
current andK, is the negative stiffness of the bearing. Iftrack the disturbance frequency by being shifted up and
the rotor displacement at the bearingsis measured, down the imaginary axis of the complex plane via the
then proportional feedback can be applied to give zertinear parameter dependency demonstrated in section 4.
bearing stiffness. The transmitted fonges then equal This allows synchronous vibration to be minimised over
to any additional control feedback applied and the base wide running speed range, or alternatively to be fine-
motion input is equivalent to a position demand signal. tuned when running speed is fixed. An advantage of the

For control synthesis, the system must be arranged fBethod used here is that the running speed dependence
have the form of the open loop system given byf the plantA matrix can also be incorporated in the
equation (1). The exact constitution of the signand ~formulation and thereby give added guarantees of
z will depend on the control problem being consideredP€rformance and stability over the running speed range
In practice,z can be constructed from any combinationconsidered.

of disturbance and reference signals acting on the

system andw constructed from any combination of rotor displacement force on

input signals and system states. (measured) rotor

A

6. TUNEABLE CONTROLLER DESIGN

The concepts and methods explained in the previous
sections can now be combined for the purpose of  fyceon
deriving controllers for which the dependent parameters  bearings
can be used as tuning variables. There are many
possibilities, with regard to the choice of shaping filters

and tuning parameters. However, the general purpose of ﬂ

I

rotor

magnetic
| bearing

\

kN

the control synthesis will be to obtain a number of
vertex controllers that differ in a number of important
indices, for example performance (in one or more
sense), controller gain and/or robustness. From these
vertex controllers, a parameter dependent controlleFigure 3 Schematic diagram of experimental system
(equation (6)) can be implemented that allows these

properties to be smoothly varied on-line through @ -
interpolation of the controller state space matrices. 1 10

It is beyond the scope of this study to investigate all =0
possibilities for such a design method, or to investig N/an N
rigorously the mathematical feasibility for any particul
design formulation. Therefore, a number of examp
will be chosen for demonstration and the potential
useful ‘tuneability’ resulting from the designs will b
investigated.

Design 1. Synchronous tracking vibration control

In some applications it is desirable that the or
amplitude of the rotor due to unbalance excitation
minimised. Controller designs that have been propo 70|
to achieve this include those using notch filters [! 80— 60—
Alternatively, Matsumuraet al. [6] used boundary 10° 10° 10°

constraints in at., loop-shaping procedure to derive Frequency (raclsec) Frequency (raclsec)
controller having infinite gain at the appropriate running Figure 4 Performance and robustness of the vertex
speed frequency. For the. design method used here, systems for design 1: Maximum singular values of
the plant is formulated with disturbance inputs=y,, (@) sensitivity function (b) inverse sensitivity function

base motion

-10|

=20

-40 | a0l

0

50| Q=100
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Maximum Singular Value (dB)

1
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The sensitivity function (I&,K)* and inverse

sensitivity functionG, K(I+G,K)™ for the two vertex 14
system are shown in figure 4. Vertex shaping filtel
N . . 121
have been chosen having lightly damped poles wi
natural frequencies at 100 and 3000 rad/s and it can g Al
seen that the vertex system sensitivity functions & § »
minimised at these frequencies. A controller forme 5 .|
from a linear superposition of the two vertex controlle é al
matrices allows the sensitivity function to be minimise ¢ ;|
at synchronous frequencies within the interval 100-30( 2
rad/s (figure 5). g o4 [V ¢ 0.9
Sf a=o0 2710
] o 0.2t 4 Q=100radls Jrad/s
Design 2. Tuneable sensitivity/robustness
Loop shaping techniques allow a trade-off betwee 0= ; - S . .
achieving performance and robustness throug 10 10 10 10 10 10

L . e . e F d/s
minimisation of the sensitivity and inverse sensitivity requency (rads)

functions over differing frequency bands. In Figure 5 Maximum singular values of sensitivity
rotor/magnetic bearing systems the desire is often tofUﬂCtiOﬂ for various rotational frequencies. Minima
have a reduced sensitivity at low frequencies. For are collocated with rotational frequency

example, a small response to low frequency base m
disturbances is useful. At higher frequencies a

inverse sensitivity function is required for robustnes 10

modelling errors or plant uncertainty, for example o

to unconsidered flexural modes. A low inve -10

sensitivity function can also improve plant inf 50|

disturbance rejection i.e. direct rotor forcing respo 2 20!

Often, the desired crossover frequency betv g '

achieving performance and robustness is uncertain 7 40|

the required level of robustness to plant uncertair 3 -s0f

unknown. It is therefore advantageous to allow st © |

tuning of these factors in the implementation of

controller and not just during the controller des 701

stage. -801"

In order to achieve this, consider the system ha -90 2 s " . .
disturbance inputv = y,, and error outputs outputs= 10 100 10 cadsed 10 10

[y, u]. A parameter dependent shaping filtf acts on ) o .
the bearing forceu) components of the outpat The  Figure 6 Vertex shaping filters for design 2/ (- - -)

two vertex filters are shown in figure 6, together with an and linear interpolation (—)
intermediate filter formed from a linear interpolatic @ ®)
Solving theH., control problem for the vertex systel 10 20

gives the closed loop transfer functions shown in fi

0
7. It can be seen that these two closed loop systems

differing levels of performance and robustness. The g - -20

vertex controllers can therefore be used to forr 2 S 40

tuneable controller, the tuning parameter of which E 2 60

be wused to select on-line the level E B 80
performance/robustness. It is envisaged that a numt @ g

tests would be performed on the system to de: E £ -100

optimal selection of the tuning parameter. For exan g £ 120

the controller robustness could be reduced until 2_140

order flexural modes become destabilised,

robustness would then be increased sligl 160

Alternatively, tuning could be performed to optimise 0 s -180— s
trade-off between tracking performance and n 1§equency(rad,sec) 10 1F?equency(rad,sec) 10

attenuation. .
Figure 7 Performance and robustness of vertex

systems for design 2: Maximum singular values of
(a) sensitivity function (b) inverse sensitivity function
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@ () significant range. Although, these controllers could be
60 50 viewed as tuneable, they could also be implemented as a
™ g0 self-scheduled controller if running speed is measured

80 Y Py and used to automatically select the controller tuning

parameter. The other type described, used a linear
parameter dependent robustness-shaping filter to derive
an optimal controller for which the performance and

-100
-50

-120

) ) i
2 e robustness levels could be tuned on-line through
£ -140 £ -100 X :
8 8 adjustment of a single parameter.
£ £ . .
g -160 2 50| @=0 a=1 These studies suggest there is further scope for the use
< x . .
£ 0 g 95/500 @=3000  of controllers derived for linear parameter dependent
ool radls  gystems, where the parameters are not treated as
-200 scheduling parameters (as conventionally has been the
220 250 case) but are used as tuning parameters that can be
10° 10° 10° 10° manually selected on-line.
Frequency (rad/sec) Frequency (rad/sec)

Figure 8 Maximum RMS gain of the vertex systems AcKNOWLEDGEMENT
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Design 3. Tuneable vibration transmission

In some applications it is desirable to have no control

action at the running speed frequency. If this is achieveBEFERENCES
then the rotor will spin around its inertial axis. If the
rotor unbalance is sufficiently small to give acceptabl
orbit sizes, then this technique has the advantage th
orbit sizes are independent of running speed and al ; : ) )
that bearing-rotor interaction forces are minimised. Thi ymposium on Magnetic Bearings, ProceedingsT,
has previously been achieved through the use of notc ambridge MA. Augus998, pp. 341-351

filters in series with low order controllers, with 2. Sivrioglu, S. and Nonami, K‘An experimental
associated robustness prob|ems in respect (ﬂ’\/aluation of robust gain scheduled controllers for AMB
destabilisation of rotor flexural modes. However, thesystem with gyroscopic rotor”,6th International
technique developed here allows the use of notch filter8ymposium on Magnetic Bearings, Proceedindgtl,

in series with higher order robust controllers. Cambridge MA. August998, pp. 352-361

The formulation for this problem uses a filter at the3. Apkarian, P., Gahinet, P. and Becker, ‘Gelf-

plant control input;, having transmission zeros at the scheduled H., control of linear parameter-varying
vertex synchronous frequencies. As in design 1, theystems: a design exampléfutomatica,vol. 31, no. 9,
transmission zeros can track the running speedeptember 1995, pp. 1251-1261

frequency through the linear parameter dependencyr..
Addltlonally, .the running speed dep_endency can b eneral H,, control problem” Automatica,vol. 30, no.
incorporated in the plant system matrix. The maximu 1994, pp. 1307-1317

RMS response of the closed loop vertex systems to’ e '

direct rotor forcing is shown in figure 8, together with5. Herzog, R., Blhler, P., Gahler, C. and Larsonneur,

Mason, S., Tsiotras, P and Allaire, P. “Linear
?rameter Varying Controllers for Flexible Rotors
upported on Magnetic BearingsBth International

Iwasaki, T. and Skelton, R.E. “All controllers for the

the resulting bearing force magnitude. R., “Unbalance compensation using generalised notch
fiters in the multivariable feedback of magnetic
7. CONCLUSIONS bearings,” IEEE Transactions on control system

i .. technology1996, Vol. 4, No. 5, pp. 580-586.
In this paper a method has been proposed for derlvmgeC nology1 0 0.9, pp

tuneable controllers. The examples used in this studg. Matsumura, F., Fujita, M., Hatake, K. and Hirai, M.
incorporated tuneability into the controller in order to“Elimination of unbalance vibration in AMB systems
achieve two differing types of objective. One typeusing gain scheduledH., robust controllers”, th
(designs 1 and 3) used parameter dependent weightifigiernational Symposium on Magnetic Bearings,
functions to give selected closed loop transfer functionBroceedingsETH, Zurich, Augusii994, pp. 113-118

that are minimised at the synchronous frequency. The

linear parameter dependency of the plant and controller

was exploited in order that this minimal frequency could

track the rotational frequency of the rotor over a
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