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ABSTRACT

The role of the unbalanced magnetic pull exerted by

the magnetic �eld of induction motors on rotors sup-

ported by active magnetic bearings is investigated at

least in the range of spin speeds corresponding to the

rigid body behaviour. Under the assumptions that

the forces of the bearings can be linearized and the

rotor is axially symmetrical, the equations of mo-

tion of the system are written including the negative

sti�ness of the motor due to non uniform air gap.

Some numerical results are then compared to the ex-

perimental data performed on a spindle on magnetic

suspension, with �ve active axes. The e�ects at dif-

ferent values of the spin speed and in presence of slip

in the induction motor are then analysed with par-

ticular care to the vibration condition monitoring of

the whole machine.

INTRODUCTION

Unbalanced magnetic pull (u.m.p.) can occur in elec-

tric machines when a lack of axial symmetry of the

air gap occurs. In the case of rotors on ball and roller

bearings this unbalance is usually due to permanent

or elastic deformations of the rotor and of the sta-

tor, while in the case of active magnetic suspension,

it can be detected also in presence of rigid body mo-

tion of the rotor. The u.m.p. a�ects the exural

dynamic behaviour of the system, by introducing an

additional negative sti�ness. In case of static eccen-

tricity this force is exerted towards the minimum air

gap, while in dynamic conditions its amplitude and

frequency depend on the spin speed of the rotor and

on the slip speed of the motor. In vibration condi-

tion monitoring the radial displacements measured

by the position sensors su�er a relevant change in

amplitude, also at constant spin speed, because of

the beat occurring between the u.m.p. and the un-

balance forces of the rotor. This phenomenon is par-

ticulary evident at lower values of the spin speed. A

suitable model for the analysis of the e�ects caused

by the u.m.p. on the dynamic behaviour of the rotor

on AMBs is proposed. The negative sti�ness due to

the induction motor is computed according to some

methods present in literature based on the analysis of

the magnetic ux density within the air gap mainly

in case of the static eccentricity of the rotor ([1], [2],

[3], [4], [5], [6]). The equations of motion of a rotor on

active magnetic suspension powered by a induction

motor are written in the case of dynamic eccentric-

ity. The interaction between the u.m.p. and the slip

speed of the induction motor is taken into account in

the model. Experimental results, based on the radial

displacements measured on a spindle on AMBs with

�ve active axes [7], with a mass of about 6 kg and

equipped with a two poles induction motor, are then

compared to the numerical predictions performed by

the proposed model.

INDUCTION MOTOR MODEL

Several analytical, FEM and FDM methods ([1], [2],

[3], [4], [5]) have been proposed to predict the ux

density distribution and the u.m.p. in induction ma-

chines with non uniform air gap. A simple analytical

approach of a two poles electric motor [5] predicts the

u.m.p. caused by static eccentricity. End e�ects, ef-

fects of slotting, saturation, eddy currents, variations

in magnetic permeability are neglected in the �rst

approximation of the mentioned model. The u.m.p.

is here modelled according to [5] and then accounted

for in the dynamic model of the controlled rotor on



AMBs.

A polar reference frame can be assumed for the

description of the static non uniform air gap, with

the x axis directed towards the minimum air gap

and the angular coordinate # being in the counter-

clockwise direction [5]. If �=R � 1, where � and R

are respectively the eccentricity and the radius of the

rotor, the air gap h can be expressed as:

h = c (1 + �� cos #) (1)

where the nondimensional eccentricity �� = �=c; (c

is the uniform air gap) can be computed in terms of

the nondimensional coordinates of the center of the

rotor x� = x=c; y� = y=c as:

�� =
�p

x�2 + y�2
�
: (2)

According to the approach described in [5], the air

gap m.m.f. can be written as:

M = M0[cos(#� !mt) +
1

2
�� cos !mt] (3)

where the �rst term is the fundamental m.m.f. har-

monic component, while the second one takes into ac-

count the contribution due to the variation in time of

the magnetic potential caused by the rotor eccentric-

ity. This term is accounted for to avoid a violation of

the Gauss theorem in the case of a two-dimensional

solution for the magnetic ux density [5]. M0 is the

peak value of ampere turns per pole and is computed

as M0 = 3NImKpd=� (symbols are: N the series

turns per phase in the stator winding, Kpd the stator

winding factor, Im the peak fundamental magnetiz-

ing current), while !m is the angular velocity of the

rotating magnetic �eld.

If �� � 1; the air gap magnetic ux density com-

ponents are:

Br = Br1 cos(#� !mt) �Br2 cos(2#� !mt) (4)

B# = 0: (5)

while Br1 and Br2 are given by:

Br1 =
�0M0

c
; Br2 =

1

2
��Br1: (6)

According to equation (5) the rotor eccentricity

causes a four-pole component in the magnetic �eld,

which rotates at half speed. Actually if the model is

based on the current sheet computation in the rotor,

according to Swann (reported in [5]) the same ap-

proach states that a more suitable value for the ratio

(6) is:

Br2 =
1

4
��Br1: (7)

The eddy currents generated by the magnetic �eld

and their inuence on the reduction of the u.m.p.

have been also investigated by Stoll [5] in a second

approximation model, but are here neglected. The

components of the force due to the magnetic �eld

expressed in equation (5) are:

Fx =

Z
2�

0

(�r cos#� �# sin#)Rd# = �F (8)

Fy =

Z
2�

0

(�r sin #� �# cos#)Rd# = 0 (9)

F =
Br1Br2�R

2�0
(10)

where �r and �# are the radial and circumferential

Maxwell stresses [8]. From equation (10) the ampli-

tude of the negative sti�ness due to the u.m.p. can

be computed as:

jkmj =
�0�RM

2

0
lm

4c3
(11)

where lm is the axial length of the motor, and the

direction of the force is towards the minimum air

gap in case of static eccentricity and no slip.

MODEL OF ROTOR ON AMB WITH

U.M.P. EFFECT

A quite classical approach for the analysis of the dy-

namic behaviour of a four degrees of freedom model

of axially symmetrical rotors on AMB is based on

the complex displacement and rotation of the rotor

at the center of gravity [9]. Since the rotor, which

is used for the experimental validation, is supported

by two radial AMBs and noncolocated position sen-

sors measure the radial displacements along the di-

rections of the forces exerted by the actuators, equa-

tions of motion are here written assuming as degrees

of freedom the displacements monitored by the sen-

sors xs = [x1s y1s x2s y2s]
T [10]:

M
�

�xs + Ĉ
�

_xs + K̂
�

xs = T
T
s (!

2
fre

j!t + fme
j!st)

(12)

where Ĉ� = C
�
�!G� and K̂� = K

�
�K

�

u: Equation

(12) is written in an inertial reference frame. Matri-

ces M�; C�; G�; K�; K�

u; T
T
s , are reported in [10].

M
� and G� are the mass and gyroscopic matrices,

C
�; K�, K�

u are the damping and sti�ness matrices

due to the controlled magnetic bearings under the as-

sumption that the actuator forces can be linearized

[9]. Assuming that the rotor behaves as rigid body,

the transformation matrix TT
s allows the transition

from the degrees of freedom of the center of gravity

to the displacements at the sensors location. Vectors

fr and fm include the rotor unbalance forces and the

u.m.p. of the motor, while ! and !s are respectively



the angular velocity of the shaft and of the u.m.p.

In presence of slip speed in the induction motor the

amplitude of the negative sti�ness km, added by the

u.m.p., looks constant in the non inertial reference

frame rotating at the spin speed:

!s =
! + !m

2
(13)

i.e. in the rotating reference frame of the magnetic

�eld the same sti�ness oscillates with a frequency

which corresponds to the angular velocity:

!pull =
! � !m

2
: (14)

To introduce the u.m.p. sti�ness (11) due to a static

eccentricity of the rotor, a non inertial reference

frame O�� rotating at the angular velocity !s can

be adopted. The equations of motion are then given

by

M
���s+ Ĉ

�

r
_�s+ K̂

�

r�s = frc cos !nt+ frs sin!nt (15)

where Ĉ�

r = Ĉ
� + 2!s �M

�
� !G� and K̂�

r = K̂
�
�

K
�

m�!2

sM
�+!!s �G

�+ !s�C
�. The structure of ma-

trices �M
�; �G�; �C� is speci�ed in appendix. In this

reference frame the unbalance forces rotate at the an-

gular velocity !n = ! � !s while the u.m.p. is �xed

and can be introduced through the matrix K�

m. The

structure of K�

m is the same of K� and the non null

elements are

K
�

m11
=

km

l2

�
b2 + c2p

�
;

K
�

m12
=

km

l2

�
ab+ cp (a+ b)� c2p

�
;

K
�

m21
=

km

l2

�
ab� cp (a+ b)� c2p

�
;

K
�

m22
=

km

l2

�
a2 + c2p

�

where cp is the distance of the center of the motor

from the center of gravity, while a; b are the distances

of the sensors of bearing 1 and 2 from the center

of gravity and l=a + b (see �g. 1). The displace-

ments at the two planes where sensors are located

can be obtained both in the rotating reference frame

of equation (15) as �s = [�1 �1 �2 �2]
T and in the

inertial reference frame of equation (12) as xs = [x1s
y1s x2s y2s]

T .

EXPERIMENTAL SETUP

Some preliminary experimental tests have been per-

formed on a prototype of a spindle on active magnetic

bearings designed and constructed at the Politecnico

di Torino in '90s [7]. The rotor has two radial and

one axial magnetic bearings and is equipped by a

two poles electric motor. The inertial properties of

FIGURE 1: Sketch of the rotor on AMBs.

the rotor are reported in Table (1). The characteris-

tics of the motor and of the PID controller, which is

implemented on the whole machine, are respectively

indicated in Tables (2) and (3).

TABLE 1: Inertial properties of the rotor.

Mass kg 6.13

Mom. of inertia Jt kgm2 0.182

Mom. of inertia Jp kgm2 0.00277

For the experimental validation of the above model

the prototype has been mounted on external sup-

ports rotated of 45 degrees about its axis of symme-

try. This way it looks isotropic from both the me-

chanical and the electromechanical points of view,

since the bias currents required to compensate for

the weight of the rotor are nominally equal along the

two axes of the radial bearings. Nevertheless it has

been evidenced by spinning the rotor that a slight

non isotropy is still present.

TABLE 2: Magnetic suspension data.

Nominal radial gap mm 0.75

Magnets gain N2/A2 1.672e-6

Control gain Kc - 1.25

Reset time Ti s 6.139

Prediction time Td s 0.9035e-3

Time constant �d s 50e-6

Sensor gain Kt V/m 7500

Power Ampli�er gain Ka A/V 1.027

The active magnetic bearings are equipped with

a set of �ve sensors Bently Nevada 3106 mod.20886-

01 (eddy currents), that allow the vibration monitor-

ing and the control by measuring the radial and the

axial displacements of the rotor along the directions

of the active axes of the AMBs. A key-phasor based

on a simple OPB701-9708 optical device is installed

on the rotor. The current owing in one phase of

the induction motor has been measured by a PR30

Current Probe LEM HEME (maximum current 20

A RMS, output 100 mV/A), while the frequency of

this current has been computed by HAMEG HM8122



frequencymeter. The data acquisition is made by

Bently Nevada DVF3 Digital Filter, by HP-IB com-

munication system. During the experimental vali-

dation the radial displacements (un�ltered and �l-

tered synchronous components) have been acquired,

at constant spin speed, startup and shutdown of the

machine.

Previous experimental tests identi�ed the unbal-

ance conditions of the rotor written in Table 4, ex-

pressed in terms of unbalance components in x and

y directions, at the location of the position sensors.

TABLE 3: Induction motor data.

Hanks in parallel - 2

Turns per phase in series - 51

Stator winding factor - 0.85

Rotor diameter mm 49.5

Stator diameter mm 51.5

Nominal air gap mm 1

Motor length mm 40

TABLE 4: Rotor unbalance components in x

and y directions in the planes of the position sensors.

Bearing axis [g mm]

1 x 30

1 y 0

2 x 23

2 y 12

EXPERIMENTAL TESTS

Past experiences [10] showed that vibration condition

monitoring of the above prototype on AMBs is par-

ticularly di�cult between few rpm and about 10000

rpm. This range is below the critical speed of �rst

exural mode of the rotor, while includes two criti-

cal speeds of rigid body motion. Since the system is

quite highly damped, it is very di�cult to de�ne the

critical speeds, due to the smoothness of the experi-

mental spin-down curves. Furthermore sensors in x

and y directions provide di�erent values of critical

speed, due to a residual non isotropy of the system.

Four speeds have been identi�ed in spin-down 1850,

2200, 2980, 3200 rpm. A �rst session of tests has

been focused on this spin speed range.

The slip speed at several values of the angular ve-

locity of the shaft has been measured by monitoring

the current circulating in one phase of the induction

motor at constant spin speed. The maximum and

minimum value of the di�erence between the mea-

sured frequencies of the magnetic �eld and of the

shaft are reported in Table (5). At small values of

the angular velocity this frequency is quite stable,

while at higher values it looks variable in time and
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FIGURE 2: Amplitude of the fundamental magne-

tizing current at 3044, 5930 and 7420 rpm.

a�ected by higher harmonic contributes as �gure (2)

shows.

Numerical and experimental results obtained at

constant spin speed are compared in �gures (3), (4)

and (5). A straight line indicates the amplitude peak

to peak of the numerical dynamic response of the

system considering that both the unbalance and the

u.m.p forces act synchronously, without the beat ef-

fect. The dotted curve is the amplitude of the ex-

perimental value (peak to peak) of the monitored

signal, which is compared to the numerical output

of the model. A good agreement between numerical

and experimental results is obtained by including in

the model the ratio (7) proposed by Swann for the

computation of the sti�ness km.

TABLE 5: Experimental slip conditions.

[rpm] min [Hz] max [Hz]

2304 0.068 0.068

2414 0.083 0.083

2512 0.082 0.082

3043 0.160 0.160

3538 0.207 0.225

3915 0.267 0.283

4044 0.299 0.312

4205 0.336 0.347

4632 0.411 0.416

5929 0.702 0.714

6614 0.889 0.899

7417 1.123 1.157

8080 1.355 1.375

8317 1.436 1.459

10210 1.859 2.179

At ! = 2304 rpm (�gure 3) the rotor is spin-

ning near the �rst critical speed. The frequency of
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FIGURE 3: Numerical and experimental results at

2304 rpm (bearing 1).

the beat is almost the same for the experimental and

numerical outputs, while the amplitude is compara-

ble, altough the experimental signals show a slight

residual non isotropy, that the model is unable to

predict.

A second test, at ! = 3044 rpm (�gure 4), shows

the behaviour of the rotor near the second critical

speed. There is a small mismatch between the val-

ues of the frequency of the numerical and the exper-

imental beats. Actually the slip speed computed by

measuring the frequency of the magnetizing current

circulating in one phase of the induction motor has

been introduced in the model. A good agreement in

amplitude is present in the y direction, while x axis

is still a�ected by the already detected non isotropy.

Starting from this spin speed the magnetizing cur-

rent, which ows in the stator winding, looks a�ected

by higher harmonics (�gure 2). The motor negative

sti�ness is consequently not constant in time even if

the model assumes the mean value of the magnetis-

ing current.

In �gure (5) the dynamic behaviour at 7417 rpm

is presented. The frequency of the beat is in good

agreement with the numerical prediction. The exper-

imental amplitudes are overestimated by the model.

This e�ect was expected according to the experiences

reported by Arkkio and Lindgren in [2]. At higher

spin speeds it has been observed a reduction of the

u.m.p. forces due to the growing eddy currents in-

duced in the rotor conductors, which try to equalise

the ux distribution in presence of the rotor eccen-

tricity. U.m.p. looks at least less e�ective, or in case

of very high spin speeds, completely damped [2]. In

the present case equalising currents are not enclosed

in the analytical model. Actually also in literature

the e�ects of equalising currents, stator and rotor

slotting, saturation and unipolar ux are often anal-

ysed by time-stepping FEM [4].

0 10 20 30
−50

0

50

x 1 [
µm

] 

Numerical output

0 10 20 30
0

40

80

120

x 1 [
µm

] 

Num., Exp. Peak−Peak

0 10 20 30
−40

−20

0

20

40

time [s]

y 1 [
µm

] 

0 10 20 30
0

20

40

60

80

time [s]

y 1 [
µm

] 

FIGURE 4: Numerical and experimental results at

3044 rpm (bearing 1).
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FIGURE 5: Numerical and experimental results at

7417 rpm (bearing 1).

VIBRATION MONITORING

The aim of the paper was mainly focused on the vi-

bration monitoring of rotors on AMBs in presence of

the u.m.p. e�ects. The model here proposed looks

useful for the analysis of the dynamic behaviour of

the rotor within the range of spin speeds where this

phenomenon is relevant. In the frequency domain

the signals measured by the sensors could show some

low frequency harmonics which can be ascribed to

the above beat e�ect. In time domain, models which

neglect this phenomenon are unable to predict the

large changes in amplitude occurring particularly at

lower values of the spin speed, as when performing

the preliminary tests of the machine. This problem

can be relevant in case of the on-line unbalance de-

tection for balancing [10].

CONCLUSIONS

Vibration condition monitoring of rotors on active

magnetic suspension could be signi�cantly a�ected



by the unbalanced magnetic pull applied by the in-

duction motor in presence of non uniform air gap and

slip speed.

In the range of low spin speeds the e�ect of the

u.m.p. could be particularly evident due to a beat

occurring between the forces caused by the u.m.p.,

whose angular velocity is very close to the rotor spin

speed, and by the unbalances of the rotor. The

amplitude of the radial displacements of the rotor

changes at the frequency of the beat, which depends

on the occurring slip speed in the induction motor.

At higher values of the angular velocity of the

rotor this phenomenon is less appreciated. The eddy

currents circulating in the rotor conductors reduce

the unbalanced magnetic pull e�ect on the radial dis-

placements of the shaft. The slip speed increases and

the amplitude changes in the monitored positions are

smaller. Furthermore selfcentring condition occur-

ring in supercritical regime of the rotor spin speed

allows to have smaller dynamic eccentricity.

A dynamic model of the controlled rotor on

AMBs including the u.m.p. e�ect has been proposed

and experimentally validated at least in the subcrit-

ical regime of the test rotor with respect to the �rst

exural critical speed of the shaft. A quite good

agreement between numerical and experimental re-

sults has been found until the values of the spin speed

at which other e�ects, due to the eddy currents and

the higher harmonic components of the current ow-

ing in the stator windings, occur.

The above results suggest to include among the

signals processed and recorded by the vibration mon-

itoring system some relevant parameters of the in-

duction motor, like the currents circulating in the

stator winding, to evaluate these e�ects on the dy-

namic behaviour of the controlled rotor on AMBs.
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APPENDIX

The structure of the matrices �G�; �M�; �C� used in

equation (15) is the following:

�G
� =

2
664

g 0 �g 0

0 g 0 �g

�g 0 g 0

0 �g 0 g

3
775 ; g = Jp

l2
: (16)

�M
� =

2
664

0 �M�

11
0 �M�

13

M�

22
0 M�

24
0

0 �M�

13
0 �M�

33

M�

42
0 M�

44
0

3
775 (17)

�C
� =

2
664

0 �C�

22
0 �C�

24

C�

11
0 C�

13
0

0 �C�

24
0 �C�

44

C�

31
0 C�

33
0

3
775 (18)

where all symbols are reported in [10].
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