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Abstract: This paper describes the behaviour of a highly 
unbalanced flywheel rotor. The unbalance leads to rota­
tional synchronous harmonic bearing forces which may 
cause amplifier saturation. It will be shown that the 
balancing of the rotor can be achieved with data ob­
tained from the magnetic bearings. Additionally, it will 
be shown that the housing dynamics can have an enor­
mous influence on the balancing data. Furthermore, ex­
periences with unbalance compensation are given. The 
results presented in this paper show that the rotor does 
not, as often written, rotate "force-free" and therefore 
does not spin around its principal axis of inertia. More­
over, for rotors with high gyroscopic coupling an un­
damped resonance occurs. In this frequency range it is 
impossible to use unbalance compensation. The results 
presented in this paper are crucial for magnetic bearing 
systems and have to be considered in their design . 

Nomenclature 

a (bold letter) complex value 
A (bold capital letter) matrix 

Xe eccentricity 
Xr rotor displacement 
Xg housing displacement 
't magnetic bearing current 
F m magnetic bearing force 
F 9 force between housing and foundation 
F u unbalance force 
ks force-displacement factor 
ki current-displacement factor 
kg stiffness of housing suspension 
dg damping of housing suspension 
mr mass of the rotor 
mg mass of the housing 
Jrx moment of inertia of the rotor 

about the x-axis 
Jrz moment of inertia of the rotor 

about the z-axis 
Jgx moment of inertia of the housing 

about the x-axis 
J imaginary number 

n rotational speed 
t time 

Indices 

a bearing plane a 
b bearing plane b 
x x-direction 
y y-direction 

1 Introduction 

Figure 1: The kinetic energy storage system KIS 
From above: housing, flywheel, rotor, stator of the radial 
magnetic bearings, stator of the electrical machine. 

A flywheel energy storage device ("Kinetic Energy Stor­
age, KIS") with high power (250kW) and 1 kWh of us­
able energy has been developed at ETHI. It is designed 
for levelling peaks in the power consumption of seam­
welding machines . The system consists of a composite 
fibre-reinforced high speed flywheel, a high speed mo-

IThe project was funded by NEFF (Nationaler Energie 
Forschungs-Fond). 
Project partners are the Institute of Electrical Machines and the 
Chair of Power Electronics and Electrometrology. 



tor / generator, high efficiency power electronics and an 
inner type stator with active magnetic bearings (AMB) 
(see figure 1). 

The composite flywheel is connected to the outer type 
rotor with a cone interference fit. A synchronous mo­
tor with lamination sheets on the inner rotor and per­
manent magnets mounted on lamination sheets on the 
outer rotor is used. Due to the manufacturing process 
of the composite flywheel, the interconnection between 
the flywheel and rotor as well as due to the lamination 
sheets mounted on the rotor, a high level of unbalance is 
created which leads to rotational synchronous harmonic 
forces in the bearings. These unbalance forces increase 
with the square of the rotational speed, such that the 
necessary AMB control current may exceed its maxi­
mum value. Therefore, unbalance effects can limit the 
maximum rotational speed. 

Usually neither the location nor the magnitude of the 
rotor unbalance are known. If the rotor is assumed as 
rigid it is sufficient to measure the excitations in two ra­
dial bearing planes in order to determine the unbalance. 
Therefore, a rigid body model of the rotor can be used. 
Experiences with the K1S system have shown that the 
housing can have a strong influence on the vibrational 
behaviour due to unbalances. Hence, the rotordynamic 
model used in this paper additionally includes an elasti­
c.ally suspended rigid housing. In the first step, the equa­
tions of motion for one bearing plane are given. With 
this model the basic behaviour is discussed. In a second 
step the equations of motion for the complete model are 
given. Measurements and simulation results are shown 
for this two plane model. 

2 One Plane Rotor Dynamic Model 

The motion of a rotating rotor due to the rotational syn­
chrono11s unbalance excitation is rotationally sychronous 
itself. The orbit is circular with ideal isotropic Sl1S­

pension or elliptical with anisotropic suspension (see 
also [KeI87J). Magnetic suspension itself can be con-­
sidercd isotropic whereas the housing suspension can 
cause anisotropy. In this paper isotropic suspension is 
assumed. 

Harmonic vibrations can be described by complex vari­
ables. Time functions f(t) = acos(fU) + bsin(Ot) 
can be transformed to complex time functions f (t) = 
(a - jb)eJrlt = ce jW (see also [Mar86]). 

The complex motion variables in equation 1 represent 
the motion in x- and y-direction. This can also be seen 
in figure 2. 

x - r ej<Pe x - r ej<Pr x - r' ej<pg e-e ,r-r ,g-g (1) 

The eqnations of motion of the rotor and the housing 
(i = ix -- jiy) are: 

(2) 

x 

Figure 2: Two mass model for one bearing plane. 

Using complex time functions the differential operator 
a / at can be replaced by j 0 and equations 2 and 3 are 
then transformed to: 

(5) 

From equations 4 and 5 the eccentricity Xe can be cal­
culated. 

(6) 

For simplicity the influence of an elastically suspended 
housing can be modelled with magnetic bearing param­
eters ks and ki which depend on the rotational speed. 
These parameters are named 1.:8 and ki and are given in 
equations 7 and 8. 

In case of negligible influence of the housing, ks can be 
replaced by ks 2. Figure 3 shows the behavior of the 
normalized force-displacement factor ks / ks. Three fre­
quency ranges can be distinguished. At low rotational 
speed 1.:8 ~ ks and at high rotational speed k8 ~ ks!!lr... 

mg 

The transition range is characterized by a resonance 
where the amplitude first decreases and then increases 
and a phase shifts up to 1800 occurs. 

02 k - k mrH 
s - s + --0-2c--_-d-.0-_-k-ks 

mgH gJH 9 
(7) 

(8) 

With known housing influence (ks, ki ) and measured po­
sition Xr and current i, the eccentricity can be evaluated 

2The characteristics of ks and ki arc similar. Therefore, only 
ks is discussed here. 
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Figure 3: Normalized force-displacement factor ks/ks or 
kd ki depending on the rotational speed D. 

by equation 6. With the evaluated eccentricity the ro­
tor can be balanced with an additional balancillg mass 
Llmr = -mrXe, where r represents the radius and the 
orientation of the balancing mass Llm. 

3 Two Plane Rotor Dynamic Model 

The one bearing plane model introduced in the previous 
section can show the basic behaviour of a rotor with an 
unbalance. Nevertheless, a complete model is necessary 
for balancing and for the estimation of the unbalance 
compensation parameters. The mechanical model has 
to include the geometric and dynamic coupling of the 
bearing planes caused by the mass distribution of the 
rotor and by the gyroscopic effects. 

In the first step the equations of motion are derived at 
the centres of gravity. In the second step these equations 
of motion are transformed into the coordinates of the two 
hearing planes. 

Figure 4: rotor and housing model for two bearing 
planes. 

Fma ksaxra + kiaia (9) 

Fmb ksbXrb + kibib (10) 

Fga kgaXga + dgaXgo (11) 

Fyb kgbXgb + dgbXgb (12) 

The equations of motion (formulated at the centres of 
gravity) of the rotor and the housing: 

(13) 

mgXg = - F rna F mb - F ga - F gb (14) 

(15) 

(16) 

The transformation to the bearing plane coordinates is 
given by: 

[ Xca + X ra + xga] [11 
Xeb + Xrb + Xgb ] [ :: ] 

[ Xga] [1 
Xgb 1 ] [ :: ] -jlga 

-jlgb 

Here, i.fJr = a r + j(3r and i.fJg = a g + j(3g. 

Combining equations 9 - 18 leads to: 

Xea + xra + Xgo 

Xeb + Xrb + Xgb 

+ 

-Ks [ ::: ] - K. [ !: ] 
-Dg [ ::: ] - Kg [ ::: ] 

(17) 

(18) 

(19) 

(20) 

The mass matrices of equations 19 and 20 are given by: 

J [ I;b 
rz + mr I I 

ro rb 
(21) 

(22) 

with I = Ira -Irb = Iga -lg/;. The stiffness and damping 
parameters of the rotor and housing remain unchanged, 
e.g. the matrices K s , K i ) Kg and Dg are diagonal and 



the diagonal elements remain unchanged (isotropic bear­
ing and housing). 

Ks= [ ~sa 0 
] , Ki = [ 

kia 0 ] ksb 0 kib 
(23) 

Kg = [ ~ga 0 
] D = [ dga 0 ] kgb ' g 0 dgb 

(24) 

Equation 19 and 20 can be transformed to: 

_ [ Xra ] _ (Mrn2)-1 Ks [ Xra ] 
Xrb Xrb 

-(Mrn2)-lKi[~:] (25) 

with: 

(26) 

(27) 

The structure of the equations for the one plane model 
remains the same as for the two plane model while the 
order is increased. The variables are replaced by vectors 
and the parameters are replaced by matrices. The cou­
pling ofthe bearing planes is given by the outer diagonal 
elements of the mass matrices M r and Mg. 

The balancing of a ridig rotor is carried out by adding 
two balancing masses .6..ma and .6..mb and using two ba­
lancing planes with radius and orientation Ta and Tb. 

For simplicity the balancing planes are chosen to be iden­
tical to the magnetic bearing planes. In practice the 
balancing must be done somewhere else and the balan­
cing masses have to be transformed into new planes (see 
[KeI87]). 

(28) 

4 Unbalance Compensation 

The reference position of the magnetic bearing controller 
is the geometric axis of the rotor. The unbalance of 
a rotor causes rotational synchronous harmonic unba­
lance forces which increase with the square of the ro­
tational speed. These unbalance forces cause rotational 
synchronous harmonic forces in the bearings which may 
lead to current saturation of the amplifiers. Therefore, 
any unbalance can limit the maximum rotational speed. 
Furthermore, these unbalance forces cause undesirable 
housing vibrations. 

Unbalance compensation3 is a well-known technique 
for magnetic bearing systems (see [HB84]' [KTF95], 
[HOM92]' [LH94]). The goal is to reduce the rotational 
synchronous current components of the magnetic bear­
ings to zero. The reference position of the magnetic 
bearing controller is now chosen adaptively so that no 
rotational synchronous controller forces are generated in 
the bearings. Nevertheless, the rotor does not, as often 
written, rotate in a "force-free" manner due to the resid­
ual bearing forces resulting from the negative magnetic 
bearing stiffness. Moreover, due to these forces the ro­
tor does not spin about its principal axis of inertia but 
about an axis which is between its geometrical axis and 
its principal axis of inertia. Figure 6 shows that, for 
high rotational speed, the principal axis of inertia is the 
limiting value of the spinning axis. The residual bear­
ing forces described above are small and their influence 
decreases with rotational speed, so that with unbalance 
compensation, both magnetic bearing forces and housing 
vibrations can be greatly reduced. 

Figure 5: Structure of a magnetic bearing system with 
unbalance compensation. 

Figure 5 shows a possible implementation of a magnetic 
bearing system with unbalance compensation. In addi­
tion to the magnetic bearing controller C a superposed 
control loop is used which adds rotational synchronous 
signals (XOa and XOb) to the measured positional signals 
(xra and Xrb). When the adaptation of unbalance com­
pensation is complete, the rotational synchronous con­
troller input is zero. Hence the rotational synchronous 
controller output, i.e. the rotational synchronous cur­
rent, is zero. 

From eql,lation 25 the plant descriptions P and P e can 
be identified. 

(29) 

(30) 

The rotor diplacement with unbalance compensation 
switched on is given by: 

(31) 

3The term "unbalance compensation" is somehow mislead­
ing because neither the unbalance nor the unbalance forces are 
compensated. 



Figure 6 shows a plot of the rotor displacement as a func­
tion of the rotational speed with and without unbalance 
compensation (one plane model). The influence of the 
housing is neglected. It can be seen, that the rotor dis­
placement Xr for high rotational speed is the opposite of 
the eccentricity ~J;e' Therefore, the rotor rotates about 
its principal axis of inertia. 
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Figure 6: Normalized rotor displacement xr/xe depend­
ing on the rotational speed fI (solid line: with unbalance 
compensation, dashed line: without unbalance compen­
sation). 

The dynamics ofthe superposed control loop, adjustable 
by E, are much slower than the dynamics of the mag­
netic bearing control and, therefore, do not affec the 
positional controller of the magnetic bearing (see also 
[HBGL96]). P is the plant of the magnetic bearing sys­
tem and P e is the plant of unbalance (disturbance force 
input). T is a complex linearisation factor which can 
be chosen to be the inverse of the sensitivity function 
T = S-1 = I + PC due to the fact that the unbalance 
compensation dynamics of all radial degrees of freedom 
is then equal. If T is chosen different from S-l, over­
shoot or even instability can occur when unbalance com­
pensation is started. More information about the tran­
sient behaviour of unbalance compensation can be found 
in [Ahr96]. 

5 Balancing With Magnetic Bearing Data 

In order to achieve good balancing data, the system pa­
rameters ks, ki' dg and kg have to be known sufficiently. 
The influence of ki can be eliminated for measurements 
with unbalance compensation. Here the rotational syn­
chronous component of the current is zero. 

From equation 6 it can be seen that the rotor displace­
ment Xr converges to -Xe with increasing rotational 
speed. This behaviour is independent of the use of un­
balance compensation. Therefore, the infuence of the 
parameters mentioned above decreases with increasing 
rotational speed. 

The KIS rotor was unbalanced to such an extent, that 
the eccentricity exceeded the air gap of the magnetic 
bearings. Due to this high level of unbalance current 
saturation of the magnetic bearings oceured and, there­
fore, limited the rotational speed. It is clear that unba­
lance compensation ean only be used when the result­
ing diplacement does not exceed the air gap. Therefore, 
equation 25 has to be used for balancing. An additional 
problem is the fact that the identification of ks and ki de­
pends on the housing suspension [Ahr96]. Moreover, the 
measured data greatly depends on the housing dynam­
ics and the magnetic bearing parameters. In order to 
overcome these problems and to achieve sufficient balan­
cing data test unbalance masses have been used. With 
these measurements initial balancing was possible which 
reduced the unbalance of the rotor significantly and al­
lowed the usage of unbalance compensation at higher 
rotational speed. This iterative balancing process led to 
good results. 

6 Open-loop Resonance of the Nutation Mode 

The denominator den of equation 29 or 30 (housing dy­
namics neglected) determines the rotor motion with un­
balance compensation (equat.ion 31) in a crucial way. 
This denominator can be expressed as follows: 

den(fI) mr (Jx - .Jz) fl4 

+ (~T' ksl2 + 2ks (Jx - .Jz)) fl2 

+ k;l2 (32) 

For simplicity ksa = ksb = ks, la = 1/2 and lb -l12 
have been chosen. In this case t.ranslational and angular 
modes can be decomposed and the basic behaviour can 
be discussed in an easier way. More detailed information 
can be found in [Ahr96]. 

In equat.ion 32 it can be seen that for .Jx > .Jz there are 
no real solutions for n when den = O. For.Jx < .Jz , 
however, a real solution for fI can be found. At this ro­
tational speed, the system with unbalance compensation 
(equation 31) has a resonance. The resonance frequency 
fires is 

(33) 

If .Jz > .Jx , i.e. for highly gyroscopic systems, the nuta­
tion mode becomes unstable at the resonance frequency 
fires. This resonance frequency depends on the ratio 
of moments of inertia .Jzl.Jx and occurs for all ratios 

which are physically possible. fires varies from j ;:J: for 

.Jz = 2.Jx to 00 for .Jz = .Jx. Therefore, this behaviour 
has to be considered in the design of magnetically sus­
pended flywheels or other highly gyroscopic rotors where 
the ratio of the moments of inertia .Iz/.Ix ;::: 1. 
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Figure 7: Normalized rotor displacement xra/xea of one 
bearing plane as function of the rotor speed n (solid 
line: with unbalance compensation, dashed line: without 
unbalance compensation). 

7 Summary 

The basic behaviour of a highly unbalanced rotor with 
magnetic suspension has been shown. The unbalance 
forces in the bearing may lead to current saturation and, 
therefore, limit the rotational speed. It has been shown 
that balancing can be achieved using the data obtained 
from the magnetic bearing system. The influence of the 
housing dynamics has been analyzed. Experiences with 
unbalance compensation have been given and a reso­
nance phenomena for unbalance compensation has been 
shown. This resonance is crucial for magnetic bearing 
systems with high gyroscopic coupling when unbalance 
compensation is used. 

[Ahr96] 

[HB84] 
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