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Abstract 

In our Part I paper, a nonlinear parameter estimation 
technique was presented by which the position of rotor 
supported by magnetic bearings can be deduced from the 
bearing current waveform. The estimator embedded an 
idealized model of the bearing inductance parameterized 
by the air gap. The performance of the estimator is lim
ited by the quality of this embedded model. Magnetic sat
uration incurs a change of core reluctance which leads to 
an estimation error. 

This paper investigates how saturation affects the per
formance of the position estimator based upon an ideal
ized model. Identifying the effects of saturation is a pre
requisite to exploring the possibility of using self-sensing 
magnetic bearings in high performance applications such 
as jet engines. 

Thzs work demonstrates that, in extreme cases, there 
is a sign reversal of the forward gain of the estimator 
due to saturation. A simple model of saturation is pre
sented. This model enables one to qualitatively evaluate 
the effects of saturation on the performance of the esti
mato!". A good agreement is observed between simulation 
and e1;periment. 

The structure of a gap sensing estimator which ac
counts for this saturation effect is proposed and some 
stability issues which arise in its implementation are ex
plored. This solution will require identification of the sat
uration nonlinearity in the actuator, but promises to re
cover' the performance of previously reported estimators 
even in the face of fairly severe saturation. 

1 Introduction 

In the companion paper, a position estimator for mag
netic bearing is developed using a nonlinear parameter 
estimation technique. The estimator embeds a linear 
simulation model of the inductance of the magnetic ac
tuator. Consequently, the performance of the estima
tor depends fairly strongly on the quality of the model. 
When the actuator is operated at modest flux densities, 

it is fairly easy to obtain a high quality simulation model 
because the air gap dominates the magnetic circuit re
luctance. However, if the iron is saturated, the actual 
inductor differs from the simulation model significantly: 
the iron reluctance may exceed that of the gap. As a 
result, an estimator based on a linear (non-saturating) 
model will produce an incorrect estimate of the air gap 
if the iron begins to saturate. 

This problem is fundamental to any self-sensing 
scheme: regardless of the actual implementation, they 
all fundamentally rely on the sensitivity of the coil elec
trical impedance to changes in the air gap. If the model 
for this sensitivity neglects the effect of saturation, then 
the estimate of the gap length extracted from the mea
sured electrical impedance will be in error to an extent 
related to the degree of iron saturation. Thus, the prob
lem needs to be addressed in order to realize self-sensing 
magnetic bearings in high performance applications such 
as aircraft jet engines. 

When a switching amplifier is used to control the ac
tuator, the amplitude of the switching "noise" is a di
rect measure of the electrical impedance of the actuator 
coil. If the amplitude is corrected for variations in am
plifier duty cycle and power supply voltage (as discussed 
in Part I), the gain of the resulting signal to variations 
in air gap is a function of the air gap reluctance and the 
reluctance of the core material. At low flux levels, the 
core reluctance is independent of the rotor position and 
any reduction in air gap length produces an increase in 
coil electrical impedance. As the nominal coil current 
increases, however, a correlation appears between rotor 
movements and the core reluctance. If the rotor moves 
toward the stator, the reduction in the air gap produces 
an increase in flux density. Consequently, the core reluc
tance increases. This increase in core reluctance tends to 
offset the reduction in air gap reluctance which produces 
the measure of air gap. In the extreme, the sensitivity 
of core reluctance can actually exceed that of the air gap 
with the result that the overall electrical impedance ac
tually decreases with decreasing air gap, producing a sign 
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Figure 1: Saturation model 

reversal in sensitivity. 
In order to explore this phenomenon and to develop a 

theoretical framework which can explain the experimen
tal results, a simple model of saturation is presented. 
This model allows qualitative evaluation of the effects 
of saturation on the performance of the estimator. Nu
merical results are compared with the experimental data. 
Finally, suggestions are made to improve the estimator 
under saturation. 

2 Saturation Model 

To evaluate the effects of saturation, a proper satura
tion model is necessary. For this purpose, a number of 
nonlinear hysteresis models are available in the literature 
(notably by Jiles [1] or by Hodgdon [2]). In this work, 
however, a simple nonlinear saturation model is used. 
The model is described by 

H = ~ + ~ (1-~) log [1 + 'TJ' e(B-B.)/lT] 
PoP~ Po p~ (1) 

where P~ is the nominal relative permeability of the core 
iron. In (1), 'f} and a are the parameters of the model, 
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Figure 2: Inverse of relative permeability 

Figure 3: A horseshoe electro-magnet 

magnetic saturation on the performance of self-sensing. 
The analysis presented hereafter can easily be extended 
for general n-pole magnetic bearings. 

It is shown in Part I that the amplitude of the demodu
lated switching waveform of the bottom coil is a function 
of the air gap reluctance and the core reluctance: 

(3) 

which can be readily obtained from experimental data. where 
The core reluctance is directly proportional to the inverse 

2(9 + x) of relative permeability, p-;l. By differentiating (1) with 
respect to B, 

-1 1 ( 1) 'TJ • e(B-B.)/lT 

Pr = p~ + 1 - p~ 1 + 'TJ • e(B-B.)/lT 
(2) 

Figure 1 shows a B - H curve produced by this model. 
As illustrated in Figure 2, p-;1 increases rapidly at high 
flux density. 

3 Saturation Effect 

Tg = PoAg , (4) 

At low flux levels, the core reluctance, T e , is negligible 
compared to Tg , as the relative permeability of the core 
material is large (usually 1000 rv 5000). Therefore, the 
output u can be assumed linear in the displacement x. 
In other words, the sensitivity of u with respect to x, 

(5) 

For the sake of simplicity, a horseshoe electro-magnet is essentially constant. When the core iron becomes mag
illustrated in Figure 3 is examined to show the effects of netically saturated, this assumption is no longer valid. 
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Figure 4: Variations of sensitivity with respect to gap 
displacement 

The core reluctance is, in fact, a function of the air gap. 
This functional relationship becomes increasingly notice
able at high flux levels. 

Using the chain rule, the sensitivity of core reluctance 
with respect to x can be written as 

ore oHe ----
oHe ox 

(6) 

where He is the magnetization (or field intensity) applied 
to the core iron. Assuming that the coil current is con
stant, the second term in (6) on the right hand side can 
be obtained by differentiating Ampere's loop law with 
respect to x : 

B 
(7') 

where f-tr is the differential permeability and is defined 
as 

1 oB 
f-tr = --

f-to oHe 

The sensitivity S,!: is then 

(8) 

From (9), it is clear that S:; is a nonlinear function of x. 
Assuming a constant nominal current in the coil (switch
ing about a fixed point), it is possible to see how the 
sensitivity changes using the saturation model given in 
the previous section. Figure 4 illustrates the variations 
of the sensitivity at two different CllTnmt levels. In this 
plot, a negative displacement corresponds to a reduction 
in the air gap length, with the gap going to zero at about 
-0.3 mm. As expected, the sensitivity at low current 
level (thUS low flux level) remains constant, whereas it 
decreases rapidly at small air gaps if the current is high. 
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Figure 5: Experimentally measured current rate 
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Figure 6: A typical current switching waveform 

Indeed, at a current of five amps and displacements in 
excess of 0.12 mm, the sensitivity reverses sign. 

The sensitivity change due to saturation is also veri
fied by experiments. In Figure 5, experimentally mea
sured current rates (di/dt) show good agreements with 
the simulation results. To generate this data, the jour
nal of the experimental apparatus described in Part I 
was clamped at a range of positions (as reflected in the 
abscissa of Figure 5) and the switching current waveform 
was acquired using a high speed digital storage oscillo
scope. Figure 6 illustrates a typical waveform. The slope 
of the rising portion of the waveform was measured and 
averaged over ten cycles to produce the data shown in 
Figure 5. 

4: Revised Estimator 

To achieve self sensing in high-performance applica
tions, the problem due to saturation needs to be resolved. 
A simple palliative is to use a pair of self-sensing cir
cuits on opposing sides of the shaft. Assuming that only 
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Figure 7: A revised inductor model 

one side of the magnetic circuit is saturated at a given 
instant, then only one of the two sensors suffers signifi
cantly from saturation effects at a given instant. Exami
nation of the currents in the two opposed coil sets makes 
it quite simple to select the appropriate sensor and always 
extract the shaft position from the unsaturated side. 

The primary problem with this selection approach is 
that the transition from sensing with one side to sens
ing with the other is awkward and may be expected to 
lead to sensitive calibration and offset requirements in or
der to avoid signal discontinuity at the cross-over point. 
Further, if both sides of the circuit simultaneously exhibit 
some degree of saturation, then neither side will produce 
an accurate measure of the air gap. A better solution 
relies on a true differential sensing scheme coupled with 
including a saturation model into the embedded inductor 
simulation. 

Faraday's law states that 

V-IR=NA dB 
9 dt 

Furthermore, by Ampere's loop law, 

1= -- 2g+ - B 1 ( le) 
?toN ?tr 

(10) 

(11) 

The relative permeability (at a given frequency) depends 
only upon B. 

~ = feB) 
?tr 

(12) 

Thus, a new simulation model including saturation can 
be built as shown in Figure 7. Note that this model 
includes the back-emf term (i.e. velocity effects) which 
was neglected in the linear simulation model presented 
in Part 1. 

Figure 8: Possible estimator structure with saturating 
simulation 

5 Estimator Loop with Saturation 
Model 

Assuming that the saturation effects can be properly 
simulated by the nonlinear function feB), the model pre
sented in Figure 7 should reproduce the measured switch
ing current waveform when the correct journal position is 
impressed as x even when the displacements and average 
currents are quite high, implying magnetic saturation. 
Given this, it is tempting to simply embed this nonlin
ear simulation model into the parameter (x) servo loop 
described in Part I and thereby realize a self-sensing dis
criminator which works even when the actuator iron is 
saturated. 

Representing the simulation block by the three port el
ement depicted in Figure 8, the output would be demod
ulated using the forward path filter described in Part I: 
a high pass element followed by a rectifier followed by a 
low pass element to yield a low frequency signal closely 
related to the air gap length (but modulated by the am
plifier duty cycle and power supply voltage). The mea
sured current waveform from the actuator passes through 
the same demodulation filter and the error between the 



Figure 9: Differential estimator structure 

two resulting signals is used to update the estimate of 
the rotor position (total air gap, g + i). 

Assuming that the duty cycle and amplitude of V(t) 
are constant, the effective low frequency gain (ratio of 
filter output to gap estimate) of the simulation and de
modulation filter is described by Figure 4. Denoting this 
gain as a, stability of the estimator is ensured as long as 
the characteristic function 1 + aG (s) has its roots in the 
left half of the complex plane. The problem is that, if 
G(s) is designed for stability at nominal values of Go (the 
dotted line in Figure 4) then the loop will not be stable 
for the negative values of Ct which arise when the iron is 
saturated. 

6 Differential Estimator 

An appealing solution to this problem is provided by 
developing a differential sensor scheme as depicted in Fig
ure 9. This differential scheme estimates both the journal 
position, x, and the nominal radial air gap, g. The latter 
is assumed to vary slowly with time due to centripetal 
stress and/or thermal deformation. The three port ele
ments labeled magnetic simulation and forwar·d filters arc 
an encapsulation of the block surrounded by the dashed 
line in Figure 8. As indicated, it is assumed that the 
error signal C1 is generated by one of a pair of opposed 
magnetic circuits while the error signal e2 is generated 
by the other (see Figure 3). With this assumption, it is 
reasonable to assume that only one of the structures is 
saturated at any given time and that the other is oper
ating near to the nominal properties. 

Stability of this system is ensured if the eigenvalues of 
the block system illustrated in Figure 10 are in the left 
half plane. With the assumption that only one circuit 
is saturated at any given time, we can assume that one 
filter gain is at the nominal value, ao (again, the dotted 
line in Figure 4), while the other gain is diminished by 
an amount 8: 

0< Ii < l.lao 

or 

0< 8 < l.lao 

where the factor of l.1 is estimated from Figure 4. Sta
bility for one case implies stability for the other, so we 
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Figure 10: Stability model for the differential estimator 
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Figure 11: Differential estimator stability model with un
certainty isolated 

focus on the first case in the sequel. 
The block diagram shown in Figure 10 can be ma

nipulated into the much simpler form shown on the left 
side of Figure 11 where the nominal feedback loops have 
been subsumed into the closed loop transfer functions 
G," and Gg and the saturation uncertainty 8 has been 
conveniently isolated: 

G _ Hx 
x-I + 2aoH," ' 

Noting that Gx and Gg are assumed stable (the nominal 
estimator is stable) and that 

the stability analysis need only be carried out for the 
simple problem indicated on the right side of Figure 11. 
Thus, the stability question can be bounded using the 
small gain theorem [3]: the estimator is stable as long as 

The triangle inequality provides 

Assuming that Gx has a damping ratio of at least 0.707, 

IliG x I < 0.55 
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Thus, stability is ensured if 

IJGgl < 0.45 

The gains of 2aoHx and 2aoHg will be much greater 
than 1.0 from DC out to the estimator bandwidth for the 
shaft position and the nominal gap, respectively. This 
means that, at DC, 

Therefore, it is not possible to satisfy the small gain the
orem if J can be as large as 0.9ao at DC. That is, the 
estimator will begin to diverge from an accurate estimate 
either of x or of go if saturation persists beyond some ac
ceptable time scale. 

Assuming that there is a reasonable estimate of the 
greatest likely duration of saturation, this stability prob
lem can be avoided simply by making the dominant time 
constant of the gap estimate, G g, be greater than this 
expected saturation dwell. That is, assume that is is 
bounded by 

Ib" < 11.1aos I 
I s + I/T 

then the estimator will be stable as long as 

where s is the Laplace variable. Since it is already estab
lished that good convergence at DC dictates a DC gain 
of 1/2ao, we revise to the more conservative bound 

I G' II 0.45 s + 1/ T II 

gl < U ao(s + 0.82/T) 
(13) 

Figure 12 illustrates the bounds of 12aoGg (jw)l, 
12aoGx (jw)l, and IJ(jw)l. 

7 Discussion 

The reason that the estimate of the nominal gap must 
be severely bandwidth-limited in order to maintain sta
bility in the face of magnetic saturation is that the mag-

netic circuit (sensor) on one side of the system may pro
duce little or no usable information in extreme satura
tion. Thus, only one piece of information can be ex
tracted from the pair: either nominal gap or shaft posi
tion. Under the assumption that saturation is a momen
tary phenonomon, this loss of information is intermittent. 
Thus, it is always possible to obtain a good estimate of 
the shaft position, x, but caution must be exercised in 
estimating the nominal gap, g. This caution is accept
able because it is assumed that the mechanisms leading 
to variation in nominal gap function vary slowly relative 
to those which lead to variation in shaft position. 

It is important to note that the reduction in stability 
margin which necessarily accompanies saturation does 
not imply a loss of estimation accuracy. As long as the 
saturation model embedded by f(B) is accurate, the es
timates of both x and g should be precise, subject to the 
bandwidth limitations of Gx and Gg . 

8 Conclusion 

In this work, the effects of saturation on self-sensing 
has been investigated. It has shown that the sensitivity 
of the estimator changes due to saturation, resulting in 
incorrect estimation. If a bearing is generating a large 
force with small air gap, the sensitivity may undergo a 
sign reversal which causes the estimator to be unstable. 
In this work, we also proposed a differential estimator 
that includes a saturation model. This estimator simul
taneously estimates the displacement and the gap. We 
explored the stability of the proposed estimator using the 
small gain theorem and demonstrated that wide-band es
timation of journal motion requires gap estimator to be 
bandwidth-limited in order to be stable. The proposecl 
estimator requires further investigation through simula
tion and experiments. 
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