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Abstract: A time delay controller with state feedback is 
proposed for the frictionless positioning device which is 
subject to the variations of inertia and the presence of 
measurement noise. The time delay controller, which is 
combined with a low-pass filter to attenuate the effect of 
measurement noise, ensures the asymptotic stability of the 
closed loop system. It isfound that the low-pass filter tends 
to increase the robustness in the design of time delay 
controller as well as the gain and phase margins of the 
closed loop system. Simulation results support that the 
proposed controller guarantees a good tracking 
performance irrespective of the variation o..finertia and the 
presence of measurement noise. 

1 Introduction 
Active magnetic bearing(AMB) has nowadays been 

widely adopted in machines and robots, which are operated 
under the clean room and vacuum chamber environment. 
Particularly in semiconductor industry, the environment 
must be ultra-clean to prevent samples from contamination 
during handling and processing. In addition, magnetically 
suspended machines and robots have advantages such as 
active position control of the suspended part[I], control of 
force and stiffness of the handling point, and load sensing 
capability[2]. 
A frictionless positioning device suspended by cone-shaped 
AMBs is developed in the laboratory, which is driven by a 
brushless DC motor equipped with a resolver[3]. The device 
is capable of controlling three translational and two 
rotational motions by using four pairs of cone-shaped 
electromagnets, when the azimuth motion is controlled by a 
BLDC motor. Since such a system often has unknown, 
nonlinear, or time-varying parameters during operation, a 
good tracking performance is not likely to be achieved 
when we rely on a simple linear controller. In order to 
attain a desired performance for a system with some 
uncertainty, a linear controller normally requires re-tuning 
of the controller gains, otherwise a robust control law 
should be adopted. 
Several robust control strategies have so far been proposed 
to control linear and nonlinear systems with uncertain 
dynamics or unknown parameters. Time delay control 

(TDC) uses past observations regarding the system response 
and control input, in order to directly modify the control 
actions rather than adjusting controller gains or identifying 
system parameters [4]. Youcef-Toumi and Reddy[5] studied 
the IDC for high speed and high precision active magnetic 
bearings. In their work, experimental results indicated that 
the IDC has impressive static and dynamic stiffness 
characteristics for the prototype considered. Kelly[6] 
proposed a combination of the adaptive feed-forward 
control and the state feedback for position control of a DC 
servo motor, when variations in inertia or friction are 
present. 

In this paper, a time delay controller with state feedback 
is proposed for the frictionless positioning device to achieve 
a desired tracking performance. In particular, the proposed 
control scheme is very effective for an inherently unstable 
system like AMB: the state feedback is to ensure the 
stability of the closed loop system and the incorporated time 
delay controller enables the exact tracking of the command 
input despite of the uncertainties. An outer loop is used to 
track the command input so that the system performance is 
not seriously affected. A simple first order low-pass filter is 
included to increase the robustness of IDe to the 
measurement noise. The stability of the controlled system in 
the discrete domain is analyzed using the Nyquist stability. 
Finally numerical simulations are peffonned to compare tile 
tracking performance of the proposed controller against the 
conventional optimal controller. 

2 Modeling of Frictionless Positioning Device 
Figure 1 shows the schematic of the frictionless 

positioning device. Here, Rm and fJ are the effective radius 
and inclined angle of magnet core; bland b2 are the 
distances between two radial magnetic bearings from the 
C. G. point of the rotor; Fj , j= 1 to 8, is the magnetic force 

exerted by each magnet; (x, y, z) and (Ox, 0y, Oz) are the 
displacement and angular coordinates defined with respect 
to the mass center. The five d.o.f. linearized equations for 
the uncontrolled cone-shaped AMB system and the relation 
of voltage and current can be rewritten, with respect to the 
bearing fixed coordinate, as[3] 



ou 

Fig. 1 Modeling of frictionless positioning device 

where 

qb = {X'YI'Y2,ZI,Z2f, 

im = {iY1 ,iY2 ,iY3 ,iY4 ,iZ1 ,iZ2 ,iZ3 ,iZ4 r, 
vc = {vx vY1 vY2 VZ1 VZ2 }T 

(1) 

(2) 

Here qb is the displacement vector defined in the bearing 
coordinate; im is the control current vector; v c is the control 
voltage vector in the bearing coordinate; M b, Kb and K ibm 

are the mass, position stiffness and current stiffness 
matrices, respectively. For the conventional five d.o.f. AMB 
system controlled by five magnet pairs, only the diagonal 
tenns are nonzero in the current and position stiffness 
matrices. On the other hand, for the cone-shaped AMB 
system, axial force also induces a moment because the 
magnetic forces exert perpendicular to the cone-shaped 
magnet face. The moment couples the upper and lower 
bearings, resulting in appearance of non-zero off-diagonal 
tenns and decrease of negative diagonal tenns in the 
position stiffness matrix. Note that the coupling effect 
increases as the ratio(r m) of the effective radius of magnet 
core, Rm, to the bearing span, bl , and the inclined angle, p, 
increase. 
In this designed system, the system is decoupled into five 
second order systems because the parameters r m and pare 
small and the dynamics in the voltage to current 
relationships may be neglected when the corresponding 
pole (s = - l/t c) is located far left in the Laplace domain 

compared with the system poles[3]. Thus, from now on, we 

will consider only the single-axis cone-shaped AMBs, and 
we can write the transfer function as 

or, in the state-space form, as, 

xp = Apxp +Bpvq 

IIp=CpXp 

where 

(2) 

(3) 

Here q represents an element coordinate of qb; mq is the 
equivalent mass; Kq is the position stiffness; K iq is the 
current stiffness; Kcq is the voltage-to-current gain; v q is the 
control input; b is the control input gain. 

3 Controller Design 

3.1 Optimal Controller with Integral Action 
When a state feedback controller is used to stabilize the 

inherently unstable AMB system, the steady-state position 
error may occur in case of tracking control. To eliminate 
tlle steady-state error, an integral action can be added to the 
existing state feedback controller as shown in Fig. 2. The 
integrator dynamics can be written as 

Introducing a new state vector, x = {z p x p } T , we can 

rewrite Eq.(3) as 

x=Ax+Bvq 

T]=Cx 

where 

(5) 

Now consider the quadratic performance index given by[7] 

(6) 

where Q and R are the positive semi-definite and positive 
weighting matrices, respectively. Then solution to the 
minimization of J is the optimal control law given by 
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Fig. 2 Optimal controller with integral action 
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Fig. 3 Time delay controller with state feedback 

Vq = -Koptx = -[KJ Zs]{::} 
(7) 

Kopt = R-1BT P 

where P is the solution of the algebraic matrix Riccati 
equation. 
When the system characteristics are known, designers can 
assign poles in the arbitrary locations by choosing the 
matrices Q and R. However, when the system has unknown, 
nonlinear or time varying characteristics, optimal controller 
with integral action may not guarantee a satisfactory 
performance. In that case, a time delay controller may be 
incorporated with the state feedback, as shown in Fig. 3. 
Use of an outer loop for the time delay controller enables 
exact tracking of step commands without seriously affecting 
system performance. 

3.2 Time Delay Controller with State Feedback 
A second order reference model is chosen as 

where qm(t) is the desired trajectory, qr{t) is the reference 

input, and (Or and c;,. are the natural frequency and damping 
ratio of the second order reference model. The time delay 
control law is chosen to satisfy the requirement of Eq.(8) 
for single-axis cone-shaped AMB[4] ofEq. (3) ; i.e. 

VT(t)=1IT(t-L) 

+t[ - q(t - L) - 00 ;q(t) - 2SrOO rq(t) +00 ;qr(t)] 
(9) 

where q and ij are the estimates of the velocity and 

acceleration of the rotor, b is the estimate of control input 
gain, b(q,t) , and L is the delay time. Note that the IDe 
law does not use any detailed infonuation about the system. 
Instead, it requires accurate estimation of the velocity and 
acceleration from the measured displacement signal. On the 
other hand, signals are easily contaminated by 
measurement noises, which tend to be amplified in the 
velocity and acceleration estimation process. Low-pass filter 
is cOlmnonly used to smooth out such high frequency 
noises, but the filter dynamics should be taken into account 
in the controller design[8], as shown in Fig. 3. Knowing 
that the output from the controller is different from the 
input to the plant and letting the delay time L be equal to 
one sampling period in the digital implementation, we can 
modify the time delay controller of Eq.(9), in the discrete 
domain, as 

vT(k) = vr(k-l) 

+ t[ -q(k -1) - 00 ;q( k) - 2SrOO rq( k) +00 ;qr(k)] 
(10) 

where v T( k ) is the input to the filter and 11 T (k ) is the 

output from the filter. A first order low-pass filter can be 
approximated by a backward difference model, i.e. 

(11) 

, L 1 oo~ where OOc =OOc ' afo =---, ofl =--, and OOc is 
l+ffi~ l+oo~ 

the cutoff frequency of the low-pass filter. As a result, the 

control input, v q (k) , the sum of the state feedback outputs, 

vs(k) , and time delay control 1IT(k) , is written as 

where 

Here K p and K d are the proportional and derivative 

gains, respectively. 

3.3 Stability Analysis 

(12) 

It will prove convenient to check the stability of the 
system by using the equivalent discrete system[9]. The plant 
dynamics can be approximated, by using the zero order 
hold method, as 



where 

b(eaL -It 
c= 

2a2eaL 

Referring to Fig. 3, we can rewrite the stabilized plant 
dynamics, by adding the state feedback, as 

Q{z) c(z2 +z) 

Ur{z) = a3z3 +a2z2 +a,z+ao 
(14) 

where 
CKd aL ao =--- a, =e +cK L . P' 

cKd 2aL aL a2 = --- e + cK -1 a3 = e L P • 

To estimate the velocity and acceleration from the measured 
displacement, we use the backward difference model given 
by 

(15) 

Then we can rewrite the discrete filtered time delay 
controller, using Eqs. (10) and (11), as 

Ur{z) = ( 1 x 
b Ija/oz-(a/o/a/, +1)) 

{[ .. ;z+ (z} +21;, .. , z~ I]Q(Z) -";ZQ,(Z)} 

(16) 

Combining Eqs. (14) and (16), we can obtain the 
characteristic equation in the discrete domain as 

l+G(z)=O (17) 

Note that the system characteristics are determined by the 

sampling time, L, the estimation of control input gain, b, 
and the cutoff frequency of first-order filter, IDc. The time 
delay controller essentially assumes for stability that the 
sampling time is very small. Figure 4 shows the Nyquist 
plot with the sampling time varied, for IDc = 500 rad/sec, IDr 

= 5000 rad/sec, <;,. = 1, and b = 100 . Note that the system 
becomes unstable as the sampling time exceeds a threshold 
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Fig. 4 Nyquist plot with sampling time varied: 
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value L = 0.0009 sec. The sampling time L = 0.0001 sec. is 
a reasonable choice to guarantee the system stability. Figure 

5 shows the Nyquist plot with b varied, for IDc = 500 
rad/sec, IDr= 5000 rad/sec, Sr = 1, and L = 0.0001 sec. Note 

that a low value of b tends to destabilize the system, and 
that use of a low-pass filter increases the gain and phase 
margins. 
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Fig. 6 Schematic of frictionless position device suspended 
by cone-shaped active magnetic bearings 

4 Simulation 
Figure 6 is the schematic of the tested frictionless 

positioning device. The system consists of a rotor, two 
radial cone-shaped AMBs, a driving BLDC motor, a 
resolver, and five eddy current type proximity probes. An 
additional mass is attached at the end of ann, as shown in 
Fig. 6. The system parameters are given in Table 1. In the 
simulations, we will show that the time delay controller 
with state feedback can indeed achieve a satisfactory 
tracking of a desired output trajectory. In addition, the 
effect of measurement noise on the system perfonnance will 
be tested. The decentralized optimal and proposed 
controllers for the five d.o.f. system are designed using the 
methods described in section 3. Simulation results are 
presented for yraxis only, which is defined in Fig. 1, 
because of the similarity in the results for other axes. The 
parameter values throughout the simulations are given as: 
<Dc'= 500 rad/sec, <Dr = 5000 rad/sec, Sr = 1.0, L = 0.0001 

sec., and b = 100 . 

Figure 7 shows the step responses when the mass attached 
at the end of arm is varied. As shown in Fig. 7(a), optimal 
controller requires re-tuning of the controller gains to attain 
a desired tracking perfonnance. On the other hand, the time 
delay controller with state feedback gives a good tracking 
perfonnance even with the mass variation, as shown in Fig. 
7(b). 
The effect of measurement noise on the system performance 
is important because time delay controller inherently 
includes the estimation of velocity and acceleration. In the 
simulations, a Gaussian white noise with the standard 
deviation 0-= l.Ox 10-11 is added to tlle displacement signals 
so that the noise is magnified by the backward difference 
algorithm in the estimation of velocity and acceleration. As 
shown in Fig. 8, we still get a stable system despite of the 
highly noisy estimations of velocity and acceleration. To 
deal with the undesirable high frequency noise in the 

Table 1 Specifications of the designed frictionless 
d . positIOnIng eVlce 

Electro-Mal!net and Rotor 
Pole face area A = 18mmxlOmm 

Air gap/ Rotor dia. gfl= 0.5mm / <H3mm 
Inclined angle Ji=l(f 
Magnetic coils N=300, R=20., L(}=20mH 

Core lamination O.lmm thick, 3% Si-steel 
Geometric factor c=a,,=O.92 

Rotor mass m=1.86 kg 
Polar moment of inertia I n=0.00121 kg·m2 

Dia. moment of inertia J rr=0.00647 kg.m2 

Bearing span b ,=81.7mm, b)=71.6mm 
Peripheral Electronic Devices 

Sensor & Amp. Resolution: O.5J.lm 
Gain K~= 1 Vlmm 

Linear Power Amp. Gain: Kc=0.5 AlV 
Sl!02!Y Voltage: ±30V 

BLDCMotor Const. torque:0.28N-m 
& Linear Power Amp. Angular excursion : +500 

Resolver Excite freq.:7Vrms,400Hz 
Accuracy: ±l' 
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Fig. 7 Step responses with the attached mass varied: 
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control input, an appropriate filter should be built for real­
time applications. Figure 9 indicates that the proposed 
controller is slightly better in the noise rejection 



performance than the optimal controller with integral 
action. 

5 Conclusion 
A time delay controller with state feedback is proposed 

for the frictionless position device and proven to be very 
effective throughout the simulations. The Nyquist stability 
analysis in discrete time domain shows that the proposed 
controller assures the system stability and that use of a low­
pass filter tends to increase the gain and phase margins and 
to decrease the destabilization effect due to approximation 
in the discrete time domain. Simulation results support that 
the proposed controller guarantees a good tracking 
performance irrespective of the variations in inertia, the 
approximation effect, and the presence of measurement 
noise, compared with the conventional optimal controller. 
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