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Abstract

Stable levitation of rotors in noncontact gyroscopes with
magnetic suspension is provided by a system of auto-
matic regulation (SAR), which converts the signal of
the rotor drift from an equilibrium position into the con-
trol signal changing the currents in electromagnets to the
desired direction. The absence of special transducers of
rotor position 1s a characteristic feature in the majority
of devices [1], because the rotor drift with respect to
the suspension poles changes their inductance. This fact
provides the appearance of the input signal of the SAR,
which, in an ideal case should respond only to the trans-
lational displacements of the rotor’s center of masses and
should be insensitive to its angular movements.

Because of the residual unbalance of the rotor [2] and
its shape deviation from the spherical one, the SAR re-
sponds not only to the translational motions, but to the
angular motions as well. The phase shifts of harmonic
components of the input and output signals lead to the
appearance of nonconservative forces and moments, in-
fluencing the value of the angular momentum of the gy-
roscope and its ”precession” and ”nutation” stability.

It is shown in this paper that even in the case of a per-
fectly balanced rotor stably hanging in the suspension
field, the self- modulation stipulated by the rotor surface
asphericity can lead to instability of its angular motions.

1. Let us consider the motion of the ellipsoidal in
shape but perfectly balanced rotor with dynamic sym-
metry (I1 = Iy = A # I3 = C ) in the force
field of a magnetic suspension. (This consideration
can also be applied to the gyroscopes with other types
of suspension, electrostatic, for example.) Let us as-
sume that this field is generated by N pairs of elec-
tromagnets located on the same axis but on the dif-
ferent sides of the rotor. In other words, they are
equidistantly located on two small circles which deter-
mine the axis OZ3 and the plane Z,0Z4 of suspen-
sion symmetry. In this case, for the unit vectors of the
field symmetry, in the coordinate system OZ, we write

h, =Z;sinacos B, + Zysinasinf, + Z3cos « ;

(ﬂn:?—;\r%l—;n:].%N)

Let us note that under & = 0 this model corresponds
to a single-axis ”extension” type suspension [3,4]; the
combination of the cases & = 0 and o = 7/2 provides
description of a three-axis suspension with two coils on
each axis; the case where o # kn/2 corresponds to some
types of magnetic or cryogenic suspensions for noncon-
tact gyroscopes [1].

(1)

If, initially, the center of masses coincides with the sus-
pension center, then in the absence of the gravity force
its position will not change under angular motions if the
SAR processes in the same manner the identical clear-
ances 8,1 and 8,2 of an n—th pair of electromagnets
located on the same axis but on the different sides of the
rotor.

Let us assume the rotor surface to be an ellipsoid of
revolution with eccentricity € and the symmetry axis
E = E&. If the rotor interaction with any of the coil
pairs is independent of the others, the take-away moment
acting on the rotor and stipulated by its ellipsoidallity is
represented as a sum [5]

N
M=23 M, (&ha)[&xH,] (2)
n=1
Under the identity of control channels of the source fields
and under a small ratio é,,/Ry it can be assumed that
M, = W(p)b,, where W (p) = W(j2) = Wo(P +
J @) is the suspension transfer function; é,, is the clear-
ance between the rotor and one (any) of the poles of an
n—th pair of sources; R is some mean radius of the ro-
tor surface curvature so that Ry = Ro(1+4¢), Ry =
Ro(1—¢). In the linear approximation with respect to
small € one can write

6n:6no+ng[l—2(é~ﬁn>2] (3)



Attempting to use the averaging method for investiga-
tion of the gyroscope motion under the moment (2), let
us write the equations for the phase variables [6]. For
this purpose, apart from the mentioned fixed trihedron
OZy, we introduce the trihedron OY; with kinetic axis
OY3 connected with the angular momentum K and the
trihedron OX; with an apex on the axis OX 3 connected
with the rotor. We choose the axis OX ; so that the unit
vector of surface symmetry € is in the plane X;0X3

€ =X siny+Xgzcosy =sX; +cX3 (4)

Using the spherical angles p, ¢ and the Euler angles
9,1, and ¢ for description of mutual orientation of the
trihedrons

XKi=bij(0,¢,0)¥;=0b:;(0,%,p)a;r(p, o)z

we represent the equations of gyroscope motion in the
form of the system

Kp = M;, Kosinp = My,

K = Ms, Kd = M, ; (5)

. KA-C . __ M.

£ A~ C T " Ksino’

. K M._ M

Y - Vi ctgd — —K—ZCtglﬂ (6)
where

S =2\, My = M;cosp+ Mysin;

M]_(M.YJ)’ M_ = M;siny— My cosi.

Introducing the characteristic values of the angular mo-
mentum K * | the disturbing torques M * and moving to
the nutation time scale, the right sides of the equations
(5) for a high-speed rotor can be made proportional to
the small parameter p = (A M *)/(K *)?, which is neces-
sary for use of asymptotic methods. Omitting the stan-
dard procedure of normalization, let us substitute the
expression (2) for a disturbing torque allowing for the
relations (1), (3), (4) into the right sides of the equa-
tions and perform averaging of the equations along the
paths of the generating solution where

p=6=K=9=0;

K . KA-C
A YA ¢

cos V.

V=

Restricting the solution of the dynamic problem to the
consideration of stability of zero values of the angles p
and ¥ and constancy of the angular momentum K, we
linearize the equations with respect to these angles, and,
as a result, we obtain the following system of equations
describing evolution of the slow variables p, o, K, and
d:

1

Ké= — SNM. (1-3¢?)(1-3cos?a)

%NMM{(ZSCQ—I) [(1~3 cost:v)c2
+ (1-—3c2) (3—5cosza)c032a] —
— 452c2(10c054a—9cosza+1)P11

1

+ 554(1—5cos2a)Pzzsin2a};

. 1
K= iNMncsz(Sclelcosza
+32szsin2a) sin? o ;

Kp= iNMncé:2 {862Q11(3—5C0520) cos? a
+52Q22(1—5c0s2a) sin2a]p;

1

Kd= — §NMM{232(:2Q01 (3cos2a—1)2

2 [(302»1)26210—25202@11

s*Q 1,2] sin? o cos?a

2 Ly -4
— <2c Q21—§5 sz) sin }19. (7
eWobo,

€2W0RQ;
P7 Q(an)1

Here Mc(onser'uative) =

Mn(on)c(onservative)

Pmn)an =

where Q,,,, = m1 + n ¢ are the frequencies of the spec-
trum of disturbing torques.

If the generating solution under the small ¥ is charac-
terized only by two frequencies (190 =% = K/A and
Q11 =v%+ ¢ = K/C), then the right sides of the equa-
tions (7 ) depend on the values of the suspension transfer
function at the frequencies Q2¢1, 210, Q11, 212, 221
and Q 29-

Let us note that in the absence of self-modulation we
have only the conservative component of the moment
1/2e NWgéo (1 ——3c2) (1 -3 cosza), which induces
precession of the angular momentum K about the sus-
pension axis OZ 3.

2. Let us consider some particular cases of constructive

realization of the suspension mentioned above.

A. A single-axis suspension with two coils located on
the axis OZ 3 on the different sides of the plane Z,07 5.
In this case the equations have the form

Ko = M.(1-3c?)
+ M [(1-3c?)(1=2c®)—4s*c*P11];

K=0, Kp=—-4Mns%?Q1i1p,



K9 =4M,.5%%Q 19, (8)

from which one can see that the changes in the angles
p,o and ¥ occur at a constant value of the angular mo-
mentum determined by the initial conditions.

B. A three-axis suspension consisting of a pole pair on
each of the axes OZ; on the different sides of the sus-
pension center

1
Ko = Afnc[(1-3c2)2-852c2P11+—§s4Pzz];

I{ = _‘Mncs4Q22 )

X 1
Kp= “§Mnc52(802Q11—52Q22)P§

: 1
Ky =M, (662Q21+§Q22)520~ (9)
For such a construction and the small angles p and o,
the rotor i1s acted upon only by the moments due to the
self- modulation.

C. An’equirigid” suspension, in which the source rings
are located at an angle o of ~ 54944’ for which
3 cos?a = 1. In this case, as previously, the take-away
moments are stipulated only by the self-modulation of
the suspension field due to rotation of an ellipsoidal ro-
tor in the latter

|
,K5::-§JVALw[2(1-3c2)2+165%@P11+S4P24

.1
Kp:‘ §NMncSZ(862Q11——SZQ22)p;

. 2
K= _§NMnc32 (4¢’Q11+5°Q22) ;

K&:—éNM@{QU—ﬁcﬂzQw

—43202(6211—Qzl)—84(2Q1z+sz)]19- (10)

Most interesting is the action on the rotor of noncon-
servative moments due to the imaginary part of transfer
function W (jQ ), responsible for an asymptotic stability
of the equilibrium position of the rotor’s center of mass.
As for the conservative part of the self-modulation mo-
ment, 1t changes only the precession frequency of the
angular momentum influencing neither its value nor the
precession (the angle p) and nutation (the angle ¥) sta-
bility.

Both in the mentioned particular cases and under an
unrestricted angle «, the action of the nonconservative
moments on the gyroscope is described by the equations
in the form

K =F¢(K), Kz;=F;(K)z;,
(z1=p,z2=9) .

(11)

o §

Under unrestricted F'( K ), this system of equations non-
linear with respect to Kcan be integrated in quadratures

t—to = ]( d€ ;
Fo(6)
Ko
T, = ; exijFi(g)d£
' * EFo(€)
Ko ‘
= x~0exp/KFl[ (T)] £ (12)
T

Furthermore it is possible to draw some conclusions
about the character of the dependencies p (1), K (1) and
Y (1) without the solution of these equations. Therefore,
it is possible, for example, to state that under a given
W (j2) both the number of the equilibrium values of
K ¢q n, their stability, and the dependence p(7) do not
depend on the dynamic properties of the rotor or on the
ratio of its moments of inertia A and C. This is asso-
ciated with the fact that only )17 and Q22 enter the
equations for p and K, however, at any ratio of the mo-
ments of inertia we have 299 = 2€2;,. Variation in the
ratio A/C changes only the time scales exerting no in-
fluence on the character of the dependence of the right
sides of the equations on K or t.

In this connection, evolution of the nutation angle mainly
depends on the ratio A/C influencing the number, loca-
tion, and stability of the roots turning to zero right side
of the equation for 9.

3. Let us consider as an example the self-modulation
influence on the equirigid suspension under

1+Tp
w =W
®)=Wo T mp) (1 +7p)
(r1, 72 € T), (13)
where
P(Q)= 1+[T(T1+T2)—T1T2]QZ_

(1+72Q2)(1+72Q32)

T—(T1—+-7'2)—T1T2T92
(14+72022)(1+712Q2)

Q(R)=

Let us turn from the variable K to the dimensionless
parameter w = 211 /g, where

T—(T1+T2)

Qo=
0 7'172T

1s the frequency of the rotor rotation, under which
Q (Q6) = 0. If we denote Qpyp, = kmn Qow, then
kmnwQ3T 17, (1 — kfn"wz)

1+(kmnrlﬂow)ﬂ P—F(kmnrzﬂow)ﬂ

Qun(w) =
|



Let us take for the numerical calculation 71 = 75 =

0.17; C/A=12.

In the simplest case where the axis of the rotor surface
symmetry and the axis of its dynamic symmetry coincide
(s = siny = 0), the values of w and p do not change
in time but the value of w influences variation of the
nutation angle

d=—a? (1-k?w?) ¥, (14)
Y asymptotically tends to zero under k10w < 1(CQ11 <
AQ o) and increases in time under k1w > 1.

In the general case where s # 0 and ¢ # 0, apart from
the asymptotically stable equilibrium value weq1 = 0
(which corresponds to rotor deceleration), there is one
more unstable (under the above given W (p)) value of
W eq 2, Which is the solution of the equation

Qa2(w)+4Q11(w)
QR22(w)-4Q11(w)

and it exists only in the range 0.5 < wey2 < 1.0. The
bifurcation curve vy (w), is shown in the Fig.1 where the
instability of this solution is depicted by diverging ar-
TOWS. X;

(15)

cos 2y =

750 —
60r- (¥, |
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Fig.1. The bifurcation diagram

Therefore, if the initial conditions are such that under the
given 7 wo > Weg2, then we can observe an increase
in the kinetic energy accumulated by the rotor in the
suspension or the rotor twist due to the suspension field
energy rather than energy dissipation.

The function F,(w) = 8¢?Q11 — 52 Q22 determining
the stability of the zero value of the angle p, vanishes on
the bifurcation curve determined by the equation

Q22(w)-8Q11(w)
Q22(w)+8Q11(w)

which has one solution with respect to each of the do-
mains wj < 0.5 and wy > 1.0. The bifurcation curves
Y1, and vz, shaded from the side of stability domain
are also given in the Fig.1, from which it is evident that
there are two critical values of the angle vy : v; = arctg2
and vy, = arctgd determining the presence of one or two
stability domains as w varies from 0 to oo .

(16)

cos2y =

For the angle ¥ the bifurcation dependence vy (w ), when
M, (v, w) =0, is found from the equation

[18Q10+4(Q11—Q21) — (Q12+ Q22)] cos®27
+2[6Q10+(2Q12+ Q22)] cos2y
+2Q10-4(Q11—Q21)—(2Q12+Q22)=0

and corresponds to the boundaries of the shaded domains
inside which the value ¥ = 0 is stable. The presence
of the unshaded domains testifies that even for rotors
with the flattened ellipsoid of inertia (C > A) the self-
modulation moments can lead to an increase in the nu-
tation angle during operation.

Summary

The conducted investigation allows us to make the fol-
lowing conclusions:

To provide the asymptotic stability of the rotor equilib-
rium position with respect to a noncontact suspension for
any transfer function W (p), the condition ImW (p) # 0
is fulfilled. This leads to the fact that even in the con-
structions excluding the effect of the conservative mo-
ment on the rotor stipulated by its asphericity, the rotor
rotation induces the nonconservative moments influenc-
ing both the gyroscope angular momentum value (brak-
ing or twist) and its precession and nutation stability.
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