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ABSTRACT

\Ve examine cylindrical and conical motions of a hor-
izomtal, symmetric, rigid rotor in rigid retainer bear-
mps. The model also assumes a small ratio between
ur gap and rotor length, and a high rotor spin rate.
The analyses are for small (linear) deviations about
the cylindrical and conical configurations. Conical
motions may be locally stable and cylindrical oscil-
lntions are locally unstable.

INTRODUCTION

I'he dynamics of rotors in retainer bearings is very
nuportant to the active magnetic-bearing (AMB) in-
dustry. In event of AMB failure, there must be con-
lilence regarding safety, protection of the AMB as-
cimbly, and the lifetime of retainer bearings.

Related studies include resonance analysis of elas-
e rotors with bearing clearances [1], a nonlinear
fudy of synchronous whirl with bearing clearances
[?], numerical simulations of rotor drop [3], exper-
unents on large retainer bearings [4], an experi-
mental and numerical investigation on elastic ro-
lors, with suggested remedies for problems associ-
iled with whirl [5], and an analysis on rigid rotors in
npid retainer bearings and the associated dynamic
liearing loads [6]. Results in the latter study were
lised on cylindrical and conical modes of motion
(I'iure 1).

I'his paper compliments [6] with a stability anal-
yuis of cylindrical and conical motions of a rigid ro-
tor in rigid retainer bearings with a small air gap.
Molions which are nearly conical exist and turn out
to be locally stable for a large scope of parameter
values. Cylindrical motions exist but are locally un-
table during small cylindrical oscillations.

MODEL

We examine a horizontal, perfectly balanced rigid
rotor in a rigid bearing with dry-friction contacts.
We assume that the air gap p is small, the rotor
length L is large, the spin ¢ of the rotor is large
and constant, and the rotor stays in sliding contact
with the bearings. (The transition from rotor drop to
sliding may be complicated, as implied in [7]). The
friction is the source of excitation, and is modeled
with the Coulomb law.

The coordinate system is shown in Figure 2, in
which y denotes the distance of the center of grav-
ity G of the rotor from the center of the bearing
housing, 4 is the angle of G from the bottom of the
bearing housing, and 1 represents the pitch angle
of the rotor. During contact, a constraint relates y
and 1 by y? = p? — L?tan?+. Since L is large and
p 1s small, the constraint can be approximated as
y? = p? — L292.

The constraint approximates an ellipse in y and
1. When relating the velocities, y is singular near
the ¥ = 0 position, and ¢ is singular near the y = 0
position. For this reason, we look at two models: one
for “nearly cylindrical” motions in the neighborhood
of ¥ = 0; and another for “nearly conical” motions
in the neighborhood of y = 0. The cylindrical model
(for nearly cylindrical motion) is described by 6 and
1, with 1 assumed to be small. The conical model
is described by ¢ and y, with y assumed to be small.
The small-coordinate assumptions result in a linear
stability analysis.

The coordinates described above are Lagrangian
coordinates [8]. Together with the constraint, the
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Conical Mode

Figure 1: Hypothetical motions for a rigid rotor in
rigid retainer bearings

kinetic and potential energies can be described:

1 1 1
T = 5JQ% + 51(93 +Q2)+ im(v% + v3 + v3),

V = —mgycosd,

where ; = q£+6.cos¢,§22 = 1/%,(23 = ésind),vl =
—fOysiny,vy = y, and v; = fycosyp. Lagrange’s
equations can then be applied. This yields equations
of motion for the frictionless system. To find the nor-
mal loads, we use Hg = >"Mg¢g and L = > Fg,
where Hg is the angular momentum, and L is the
linear momentum. Mg and Fg are the moment
about G and the resultant force, respectively, applied
to the body by normal constraint forces Ny and N,
at each contact. We compute Hg and L¢, and then
solve the constraint forces. The friction is then ap-
plied as pN;, where p is the coefficient of friction, and
added to the equations of motion in the appropriate
way.

For a symmetric, horizontal rotor, the equations
of nearly conical motions are [6]

. J=1), . JQ .
my — (m+ (_.Lz_))y 2 _ Fy(‘) — mg cos 6
+umyb + 2umyd = 0 (1)

mgL?

P2

10 + ysin@ = —p(I — J)0% + puQJo.  (2)

and the equations for nearly cylindrical motions are

Iy + JOgap — (I — J)6%4 + mL>6%¢ + mg L4 cos 0

MODELING AND DYNAMICS

= —p(I0y + (2 = 1)0Y — Jo9),  (3)
é+%(sin9+ucos6)+u32:o. (4)

Purely cylindrical motion (¢ = 0) is a solution for
equation (3). Purely conical motion (y = 0) does
not satisfy equation (1). However, if we consider the
case of high whirling velocity (0 is very large), and
neglect the cosf term in equation (1), y = 0, is a
solution.

CONICAL MOTION

We can carry out a more thoughtful analysis of the
conical equations of motion. This will lead to a bet-
ter understanding of this mode of motion, and a con-
clusion that it is often stable.

To clean up the appearance of the equations, we
let a=J/I,and b= J/mL?. Suppose ¢ = Q is fixed
and large. Letting 7 = Qt, the equations of conical
motion become

Q%" + cQ2y0'" — dQyb’ + 20%y'0' — gcosd =0

02p" + #(1 _ a)920’2 - ﬂaQ20/+ T'ysinf = 0,

where ¢ = (b(1 — a)/a + p%(1 — a) — 1),d = b — p?a,
I' = ag/bp?, and the prime refers to differentiation
with respect to 7. Because the air gap p is taken to
be small, I' = £ may be considered to be large.
We introduce € = 1/Q as a small bookkeeping pa-
rameter. The equations of motion are then

v+ cy€'2 —deyd +2y'0" — e*gcosf =0 (5)

0" + pu(1—a)0"> — pab’ + e€ysin@=0.  (6)

In the method of multiple scales [9], the depen-
dent variables are expanded as y = yo + ey; +
Eys+ ..., 0 = 0y + €, + €65 + ..., and the time
variable is considered to have several time scales,
ie. 7 = 1(To, Ty, Ts,...), where T; = €'r. Thus,
d/dT = Do+2¢DoD1+€2Dy+2e2DoyDy+ ..., where
D; = 0/0T;. We plug these ideas into equations (5)
and (6), and look at the coefficients of like powers of
€. The coefficient of €° leads to

D3yo + 2Doyo Dobo + cyo(Dobo)* = 0 (7)

Dgeo + [J(l - (1)(0000)2 - MaDOHO = 0, (8)

The latter equation is invariant of y. Letting wo =
Do, its steady-state solution is g = a/(1—a). The
complete solution for wq 1s

— pa
T p(l = a) — e~ ra(To+A(TLT2))

wo

where A(T1,T3) is a constant of integration with re-
spect to Ty, and is dependent on the initial condi-
tions. @o = 0 is also a solution, but it is unstable.
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Iigure 2: The coordinate system depicts 6 as the circumferential whirling coordinate, 1 as the pitch angle,
and y as the radial displacement of the center of the rotor.

I'here is also an unbounded solution for wy in the
opposite sense as a/(1 — a). The initial conditions
iletermine whether the solution will be unbounded
or approach the stable fixed point. For the stable
lixed point, Dowg, Diwg, and Dswg approach zero as
1 +* O0.

l'quations (7) and (8) together have an unstable
cquilibrium at (go,@0) = (Ho,0), and an equilibrium
al (go,@0) = (0,a/(1 — a)), which is stable if a < 1
and b>a/(1 —a)— p?, and unstable if a > 1.

Continuing with the multiple-scales analysis for
the case of the steady state solution for wg, the coef-
ficicnts of €! lead to

D3y1 + 2woDoyy + cwiy; =0
D20y + 2Dy D16, + 2u(1 — a) DyfoDob;
+2/1(1 — a)D000D100 - uaDoﬂl - uaD100 =0.

Since the derivatives of Doy = wq approach zero in
Lhe steady state, the 6 equation reduces to

D26y + (2u(1 — a)wg — pa)Doby = 0.

I'hus, the steady-state solution to these equations is
i = 0, again stable, and w; = 0, stable if 2(1 —
)wg > a, which is true for a # 1 (J # I).

Similary, the coefficients of €2 lead to

Dgyg + 2woDoys + cwgyz = g cos(woTp)

D26y + (2u(1 — a)wo — pa)Doby = 0.

whence
Y2 = Y3 cos(woTp),

with Yy = cg/2w2\/(c — 1)2 + 4 and tan¢ = 2/(c —
1). Again, Dol = ws = 0, stable if J # I.

Putting the results back into the original time vari-
able t, we have y = €2Y, cos(woQt + ¢), and 0 = woQ.
This is stable.

Let us address the unbounded solution for 6’ by
studying equations (5) and (6) directly. The question
is whether y approaches zero while the whirling 6’
grows. For large 6’ = &, equation (6) reduces to
@ = —p(l — a)@? If a < 1, the unbounded whirl
is in the negative 6 direction, while if @ > 1 it is
in the positive 6 direction. The y equation is then
approximated by

Y+ 20y + e’y = 0.

Since the coefficients are functions of time, we
should be careful in accessing the stability of (y,y') =
(0,0). We consider, a la Lyapunov, a function V in
the (y,y’) plane such that 2V = ey’ +y'? 0. A level
set of V is an ellipse for which, as & increases, the y
axis of the ellipse remains fixed, and the 3’ axis of the
ellipse grows. Differentiating V', and using equations
(5) and (6), shows that dV/dr = (u(1—a)—2)y"*/o.
For & > 0 (a > 1) dV/dr < 0. Thus the y axis of the
ellipse shrinks in time. Although this says nothing
about the y’ axis, visually, we see the rotor near the
conical position during failure. For @ > 0 (a < 1)
the y axis grows, indicating instability.

CYLINDRICAL MOTION

Equations (3) and (4) have equilibrium solutions at
(¥,0) = (0,—tan! ), which is locally unstable.
However, other types of motions are possible.




222

Equation (4) is invariant of 1. Under the change of
coordinates § = n—m/2+~, where y = —tan™11/p,
this equation becomes

i+ asing + pn® =0,

where « = gv/1+ p?/p. The 9 equation can be
viewed as parametrically excited by the output of

the n equation (# equation).
The 7 equation can be solved to obtain a relation-
ship between 7 and 7,

0 = —T-_-El%?(?u sinn — cosn) + Ce™ 21
where C is a constant of integration. Depending
on C, this solution may describe either closed or
open curves in (n,7) [6]. The closed curves corre-
spond to periodic oscillations, and the open curves
depict motions which become unbounded in finite
time. Further manipulation leads to the following
integral which relates n and time ¢:

n dz

[+

In theory, when dt/dn # 0, we can invert this expres-
sion to obtain 7(t¢). Furthermore, for oscillatory mo-
tions, we can determine endpoints for the intergral
equation corresponding to a half period of motion.
Thus, we can obtain the period 7" by performing this
integral. This, of course, would be done numerically.
T depends upon the amplitude of oscillation. From
T, we obtain the circular frequency v = 27 /T
Given the frequency v of a periodic oscillation, the
periodic solution can be expressed as a Fourier series:

it =

2a

Thap? (2usinz — cosz) + Ce2re

n(t) = no + XL,y sin nut.

For small oscillations, n can be expressed with a
small bookkeeping parameter ¢, such that

n(t) = eB(t) = €fo + €Xn, B sinnut.

Letting 6 = €8 — 7/2 + v, using sin(eB + v) =~
¢f cosy+siny, and assuming J = ¢J, ¢ = Q/e¢), and
I,mL? and p are order one, equation (3) has the
form

e 2O AT+ O =0

9
where @ = JQu/I,c = mgl?(cosy)/I + pa,d =
mgl®(sinvy)/I, and f = JQ/I.

The negative coefficient on the order-one damp-
ing term probably indicates instability. An analysis
will show that other effects, such as geometry, forc-
ing, and gyroscopic terms, do not overrule this neg-
ative linear damping. We can analyze equation (9)
for small 1, which will correspond to analyzing both
equation (3) and equation (4) for small motions.

MODELING AND DYNAMICS

Perturbation Analysis

Since ((t) is periodic, it can be viewed as a para-
metric excitation, similar to the Mathieu equation.
For order-one damping, we follow the treatment of
[10] to transform the system into an equation with
small damping. We let ¢ = ze?/2. Substituting, the
order-one damping term cancels, and we obtain

7 —ebB(t)z

+[d - (11_2-{- €(eB(t) — Quaﬁ(t) + fﬁ(t) + pﬁ(t))]z =0.

Using f(t) = 232,08, sinnt, rescaling time such
that 7 = Qt, and renaming 7 as t, we have

—

4wz — eusX  nf, cosnt
+e(pXe Bnsinnt + ¢E02 nf, cosnt)z = 0, (10)

where w? = 1(d — -"4—2)/1)2,11 = 2u/v,p = ¢/v?, and
q¢ = (f — ap)/v. Equation (10) can be analyzed us-
ing the method of multiple scales. Stability is deter-
mined by comparing the growth of z with /2.

Using the method of multiple scales, we again re-
place t by t(Tp, T4, . ..). Thus, d/dt = Do+€eD1+- - -,
where Dy = 0/0T, and D; = 0/0T;. We also
expand the frequency parameter such that w? =
wg + ew; + - -. We seek solutions expansions of the
form z(t) = zo(To, 11, .. .)+€z1(To, T1,...)+- - . Sub-
stituting these expansions into equation (10), and
separating like powers of ¢, we obtain an equations
at order one and at order e¢. The order-one equation
is

D3zo + wizo =0,

and has solutions of the form
zo = A(Th) cos(woTo) + B(T1) sin(woeTp).

Plugging zo into the order-e¢ equation, and using
trigonometric identities, yields

D2z + wizy = 24" wg sin woTy — 2B wg cos woTy

—wi A coswyTy — w1 B sinweTy

woB — qA T +wo)T
u_g;w 11 (cos(n—wo)To+cos(n+wo)To)

(4 + B : 1 I
+£u2n°°_1’l,3n(sm(n—woﬂO—Sm(” wo)To)

A . .
——2-2;'10:1(1) — pn?) B (sin(n — wo )T + sin(n 4 we)To)

B
_EEnzl(p——ynz)ﬂn(cos(n —wp)To—cos(n+wp)Tp),

where the prime indicates partial differentiation with
respect to 7.
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The particular solution is unbounded when there
are resonances, 1.e. when the frequencies in the non-
homogeneous terms are equal to the frequency of the
homogeneous solution. Such terms are called secular
fcrms. The resonances occur when n — wy = wyg, or
wy = n/2. During resonance, the secular terms can
be eliminated by setting their coefficients to zero.
I'his leads to a linear system of first-order differen-
t1al equations in the amplitudes of response A(Ty)
and B(TY):

A = (QP— unQ)ﬂnA + 2wy — qnfy B
- 4n 2n

P R
2n 4n

The eigenvalues of this system of equations provide
the exponential growth rates of the amplitudes of
:y(t). Therefore, we can determine the stability of
i'(1) by examining the growth of z0e%/2 1n this case,
the eigenvalues are either imaginary, or else real with
opposite signs. Thus, ze%/? has exponential growth,
and the system 1s unstable. Similarly, the nonreso-
nant case is also unstable.

Physical insight arises from a simplified system.
Suppose a balanced rotor rests symmetrically on two
rails such that the normal support load is the the
same at each contact, and translational motions are
constrained as it spins. If a slight rotational dis-
turbance is imposed in the plane of the rails, the
nyroscopic effect changes the normal contact loads,
and thus the frictional moment, in such a way as
o encourage more rotation in the direction of the
disturbance.

('ylindrical Whirl

We noted that the 7 equation (and hence ) has a so-
Intion which becomes unbounded in finite time. We
wldress whether this motion may be stable in the
cylindrical configuration. Suppose w = 6. For purely
ylindrical motion, rolling occurs when w = r§2/p. If
the air gap p is indeed very small, there is a range in
which w >> Q.

Fquations (3) and (4) can be approximated large

If we further assume w >> Q, the gyroscopic ef-
lect 1s overshadowed, and the approximate equations
are

Y+ p(2 — a)wip + ko’ =0

w = —pw,

where bk = a— 1+b+p? and a and b are defined as in
the section on conical motion. Note that pw < 0 for
the unbounded whirling solution. Writing 2V = 4%+
)* [kw?, a level set of V again describes an ellipsoid
whose 1 axis is fixed when w? increases. We find that
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V = p(a—1)¢2. Since pjw < 0, V < 0if (a—1)/k >
0. This is satisfied if a > T orifa <1 -b— u?. The
interpretation of V < 0 is that ¥ remains close to
zero and hence cylindrical motions are observed.

Thus, for a range of parameters, if the whirl speed
is so large that it overshadows the gyroscopic effect,
the cylindrical configuration may be observed at this
stage of the unbounded motion. Somewhere between
low-speed whirl and high-speed whirl there can be a
transition of local stability.

CONCLUSIONS

The equations of motion for a perfectly balanced ro-
tor in contact with retainer bearings have been writ-
ten for small, nearly cylindrical and nearly conical
motions, and a local analysis of these configurations
has been performed.

The analysis also shows that a nearly conical mo-
tion exists in the form of a steady conical whirl,
which is stable. There is also an exploding whirl
which remains conical if J > I. Indeed, engineers
have observed conical motions during rotor drop.

A purely cylindrical motion exists but is locally un-
stable during small cylindrical oscillations (in the 6
coordinate). An unbounded cylindrical whirl also ex-
ists. As the whirling velocities increase, there is a lo-
cal stabilizing effect for this configuration for a range
of parameter values. This takes place for regimes in
which the whirl rate is so large that the gyroscopic
effects are neglegible. This type of motion would lead
to quick failures in the system [6].

Future studies may deal with the global dynam-
ics. This calls for a new model which encompasses
all sliding motions from the cylindrical extreme to
the conical extreme. It would address whether the
locally unstable cylindrical oscillations can be glob-
ally stabilized, for example as limit-cycle oscillations
of the pitch coordinate .

The effects of elasticity, imbalance, and impacts
would be other areas to broaden the scope of the
model.

ACKNOWLEDGEMENTS

This work results from a project in collaboration
with Prof. G. Schweitzer and M. Fumagalli, partially
funded by the ETH Institute of Robotics.

REFERENCES
[1] Black, H. F., “Interaction of a whirling rotor
with a vibrating stator across a clearance annu-

lus,” Journal of Mechanical Engineering Science
10(1) 1-12, 1968.

[2] Kim, Y. B., and Noah, S. T., “Bifurcation analyi-
sis for a modified Jeffcott rotor with bearing clear-
ances,” Nonlinear Dynamics 1, 221-241, 1990.




224 MODELING AND DYNAMICS

[3] Ishii, T. and Kirk, R. G., “Analysis of rotor
drop on auxiliary bearings following AMB fail-
ure,” ROMAG ’91 Magnetic Bearings and Dry Gas
Seals Conference, Washington, D. C.; March 13-
15, 1991.

[4] Dell, H., Engel, J., Faber, R., and Glass, D,
“Developments and tests on retainer bearings
for large active magnetic bearings,” First Inter-
national Symposium on Magnetic Bearigs, ETH
Zirich, Springer-Verlag, 1988.

[5] Schmied, J. and Pradetto, J. C., “Behaviour of a
one ton rotor being dropped into auxiliary bear-
ings,” proceedings of the Third International Mag-
netic Bearings Symposium, Washington D. C.
145-156, 1992.

[6] Fumagalli, M., Feeny, B., and Schweitzer, G.,
“Dynamics of rigid rotors in retainer bearings,”
Proceedings of the Third International Magnetic
Bearings Symposium, Washington D. C., 1992.

[7] Szczygielski, W., and Schweitzer, G., “Dynam-
ics of a high-speed rotor touching a boundary,”
IUTAM/TFTOMM Symposium on Multibody Dy-
namics, CISM Udine, September 1985, Springer-
Verlag, 1986.

[8] Pars, L. A., A Treatise on Analytical Dynamics,
Wiley, New York, 1965.

[9] Nayfeh, A. H., Introduction to Perturbation
Techniques, Wiley-Interscience, New York, 1986.

[10] Susskind, H., “A Stability Analysis of the Math-
leu equation with Order-One Damping,” M. S.
Thesis, Department of Theoretical and Applied
Mechanics, Cornell University, 1991.



