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ABSTRACT

This paper deals with the problem of an unbalance vi-
bration in AMB (Active Magnetic Bearing) systems.
We design a control system achieving the elimination
of the unbalance vibration, using a Loop Shaping Design
Procedure (LSDP). After the introduction of our experi-
mental setup, a mathematical model of the magnetic
bearing is shown. Then, the gain scheduled H_ robust
controller is designed, based on the LSDP, so as to
reject the disturbances caused by unbalance on the rotor
asymptotically even if the rotational speed of the rotor
varies. Finally, with simulation results, we show that
such a control is possible by using the designed controller.

INTRODUCTION

When the rotor supported by magnetic bearings rotates,
various serious problems arise. In this paper, among
such problems, we focus on both the problem of the
vibration caused by unbalance on the rotor and the prob-
lem of the interference caused by gyroscopic effect.

We already have designed the controllers, in consider-
ation of the above problems, using the Loop Shaping
Design Procedure (L.SDP) proposed by McFarlane and
Glover [1], and have experimentally demonstrated their
availability for the elimination of the unbalance vibration
[2]. However, it was achieved at the regular rotational
speed of the rotor, and it is naturally required that the
controllers achieve the elimination of the unbalance vi-

bration even if the rotational speed of the rotor varies.

Hence, in this paper, we introduce the gain scheduled
controller by scheduling the free parameter as a function
of rotational speed of the rotor. We therefore show the
conditions whereby, using LSDP, we can get the con-
trollers that achieve asymptotic disturbance rejection and
robust stability. Finally, we present the results of simula-
tions with the scheduled controllers.

EXPERIMENTAL SETUP

The AMB system used in this work is a 4-axis controlled
horizontal shaft magnetic bearing with symmetric struc-
ture. An outline of the setup is depicted in Figure 1.
Physical parameters of this experimental machine are
shown in Table 1.
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TABLE 1. PARAMETER OF THE AMB SYSTEM
Symbol _ Value Unit

Mass of the Rotor m  139x10° kg
Moment of Inertiaabout X~ J, 1348 x10? kg-m?
Moment of Inertiaabout Y~ J, 2326107 kg-m?
Distance between Center of

Parameter

1.30 x10™!

Mass and Electromagnet L, m
Steady Gap W 55x10" m
Steady Attractive Force Fp_an-4 9.09 x10 N
Fpn  220x10 N

Steady Current Ip.g4n-a 63x10" A

Iy 3.1x107 A

Resistance R 1.07 x10 Q
Inductance L 2.85x10™ H
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MODELING OF MAGNETIC BEARING 00 0 0 00
A mathematical model of the magnetic bearing has been 00 0 0 00
derived in [3]is given by A, =—-A, = 8 8 _33'003344:__33 —3308; 466__33 8 8
, 0 0 0 0 0 0
xv _ Av pAvh 'xv + Bv 0 uv (1) 0 0 O 0 0 0
X, PA, A, X 0 B,|u,
0 0
MEFEIN ® 0
Yh Lo G, | x, B,=B,= 0 0
3.509 0
0 3.509

where the subscripts V' and 'k’ in the vectors and the
matrices stand for the vertical motion and the horizontal
motion of the magnetic bearing, respectively. In addition,
the subscripts 'vi' and 'hv' stand for the interference
term between the vertical motion and horizontal motion,
and p denotes the rotational speed on the rotor.

Each vector in (1) and (2) is defined as

,=[on 81 & & i il 3)

=85 &1 &5 &s s is) )

u‘,=[el1 e,l]T, uh=[e,3 e,s]T 5)
where

g, : deviations from the steady gap lengths between
the electromagnets and the rotor

i; : deviations from the steady currents of the elec-
tromagnets

e; : deviations from the steady voltages of the
electromagnets

j=11,r1,13,73 .

The subscripts I' and 'r' denote the left-hand side and
the right-hand side of the magnetic bearing respectively,
and the subscripts '1' and '3' denote one of the vertical
directions and one of the horizontal directions of the
rotor respectively.

Each matrix in (1) and (2) is as follows.

0 0 10 0 0
0 0O 01 0 0
A | 5.937e4 —2.933¢2 0 0 -6.225¢1 3.076e-1
v=1-2.933¢2 5.937¢4 0 0 3.076e~1 —6.225¢1
0 0 00 -3754el 0
0 0 00 0  -3754el
[0 0 10 0 0
0 0 01 0 0
A =| 23144 -1143¢2 0 0 —4.105¢1 2.028¢-1
" =|-1.143¢2 2.314e4 0 0 2.028e—1 ~4.105¢l
0 0 00 -3754¢1 0
0 0 00 0  —3754l

. [100000
Cv—Ch—[01oooo}

GAIN SCHEDULED H_ CONTROLLER

Let (N, M) represent a normalized left coprime factoriza-
tion of a plant G. Let these coprime factors be assumed
to have uncertainties A, A,, and let G, represent the
plant with these uncertainties.

G, =M;'N,
=(M+A,) (N+A,) (6)

where N, and M, represent a left coprime factorization
of G,, and

a={[ay, AylerH [[ay, ALl <} @

G, can be written in a form of an Upper Linear Fractional
Transformation (ULFT) as follows.

G, =F,(P,A)
= Py + Py AU - P,A) ' P, &)
where
0. [
I
Pt -t a | ©
21V 42 MG

The robust stabilization problem for the uncertain plant
in (6) can be treated as the next H_, control problem:

“[ﬂ(I—GK)*IM“l <eli=y. (10)

=

It is known that the solution of this problem and the
largest number of € (= €_,,:= ¥,..,) can be obtained by

solving two Riccati equations without iterative procedure.
All controllers K satisfying (10) are given by

K=F (K,,®):=K,, +K,0( —Knd))‘1 K, (11
where
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_|KiKy
K.= [:Kﬂ : Ky (12)
® e RH,, with |[®]_<1. (13)

For the calculation of K, and ¢_,, , see [1].

In order to eliminate the unbalance vibration of the rotor,
which can be modeled as sinusoidal disturbances [4],
the robust controller should be designed to achieve sinu-
soidal disturbance rejection asymptotically. In this case,
as is well known, the controller must have the imaginary
poles at the frequencies corresponding to the rotational
speed of the rotor [5]. Hence, when we consider the
rejection of sinusoidal disturbance whose frequency is
w, (radfs), K(s) is required to satisfy

K(£jwy) = {l-G(* jo,)K(+jo,)} ' =0.(14)

We then derive the conditions, by adopting the H,, prob-
lem with boundary constraints [6] shown in Appendix
to this problem, whereby there exist the controllers satis-
'fying both (10) and (14). The boundary constraint {L,
I1, 'V} corresponding to (14) is given by

L=[0 1], D=M(tjw,), ¥=0. (15)
The basic constraint {L, ¥;} in (35) is described by

Ly = Py (xjwy) =[-G(xjw,) 1], (16)

¥y = Py (£j0o)Py (jw) =M~ (tjo) . (17)
It is obvious that {L, IT, ¥} is satisfying condition (b)

ofA Tbeorem A., and the extended boundary constraint
{L, ¥} in (36) is given by

. [-Gjoy) 1T ¢ [1
L—[ o 1}, sv_m. (18)

After some straightforward calculation, we have

Yo (N(jw,))>1 (19)
where
—2 . 1/2
G’ (G(xjw,))
1+6°(G(tjw,))
O(®) : the maximum singular value

G(N(£jw,)) = [

from the condition (c) of Theorem A.
If we choose free parameter ®d(s) such that

O(tjw,) =Ky (Ejw,) : (20)

115

under the conditions (13) (19), it can be seen that we
obtain the controller with the imaginary poles at + jw,
from (11).

Based on the above, we design the control system using
the Loop Shaping Design Procedure (LSDP) [1]. The
procedure is briefly outlined below:

<Step 1> Loop Shaping

Selecting shaping function W, and W,, the singular values
of the nominal plant G are shaped to have a desired
open loop shape. Let G, represent this shaped plant

G, = W,GW, . Q1)

W, and W, should be selected such that G, has no hidden
unstable modes.

<Step 2> Robust Stabilization

The maximum stability margin £, is calculated. If
€. << 1, return to step 1, then W, and W, should be
selected again. Otherwise, yis appropriately selected as
Y 2 Voo = Eax and K, is calculated. The free parameter
® is selected such as (20) under the conditions, then the
H., controller K is synthesized for G, from (11).
<Step 3> Final Controller

The final controller K can be obtained by the combination
of W, W, and K _

K=WK_W, . (22)

In this procedure, £_,, is treated as a design indicator
rather than the maximum stability margin of G,.

Thus, we can design the robust controllers achieving
sinusoidal disturbance rejection asymptotically using the
LSDP. Moreover, utilizing the free parameter for such
design, it is possible to obtain the gain scheduled con-
trollers by scheduling the free parameter as the function
of rotational speed of the rotor, which achieve the elimi-
nation of the unbalance vibration even if the rotational
speed of the rotor varies.

CONTROLLER DESIGN

In this section, the feedback controllers are designed
with the LSDP. We assume rotational speed p = 0 in the
nominal plant G. In this case, from (1), we see that
there is no coupling between the vertical motion and
horizontal motion. Therefore, the plant model can be
separated into the vertical plant G, (s):=C,(s[ - A, y! B,
and the horizontal plant G, (s):=C, (sl — A,)™' B, respec-
tively.

ooff &
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10l
Then, two controllers will be designed for the each plant,
respectively. The final controller K for the entire plant 0 AN
G will be constructed with the combination of these 10 '
controllers. ~
K, © 210 1
i 1] o 3
107
where K, denotes the controller for the vertical plant,
and K, denotes the controller for the horizontal plant. 3 ) . . )
The shaping functions and the design parameters are 1010-1 10° 1 102 10*

selected as follows.
(v) Design for vertical motion

1300(1 + /(27 - 5))(1 + s/(27 - 35))

W, (s) =
(1+5/(2m-0.01)(1+ s/(27 - 700))
o _(L+5/(27-50)) [1 0] @5)
(1+s/(2m-1200)) 0 1
le(s)=10000[(1) ‘1’] 26)
€., =0.19944 | £'=y, =525 (27)
(h) Design for horizontal motion
W ()= 1100(1 + /(27 - 5))(1 + s/(2 7 - 25))
P A+ s/(2-0.01) (1 + s/(27 - 700))
o (L+5/@2m-40)) [1 o] 8)
(1+s/2m-1200) [0 1
Wz,.(S)=10000[(1) ‘]’] (29)
£, =0.27432, g'=y,=3.75. (30)

In this design, verifying the condition (19), it can be
seen that it is possible to design the controllers below
@,= 324.63 rad/s (p = 3100 rpm) from Figure 2. In
order to satisfy the conditions (13) and (20), within the
above limits, the free parameters are selected as

@,(5)=[Co Cora|(SI = Apy) ™" By @3n
where

-a 0 I
e 8] el

(aj +w3) -1 R
=—4 2" Jw,Re(K,,,(jo,)+b,Im(K,,(jo,))
old @, (@, - bd){ o 24/ By d 224/ B¢ }
(bj +w§) -1, 1
=—~4—"—{w,Re(K,,,(jw,))+a, Im(K,,,(jw,))
2 wo(bd_ad){ o 224/ Wo d 24U Wy }
with

a, =2nw,/60 , b,=0.012a,-0.2 d=v,r).

10
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When we obtain the shaped plants, a model reduction
technique has been employed. The procedure of the model
reduction is "The Nominal Plant Model Reduction Proce-
dure' as shown in [1, Procedure 5.5]. The order of the
each shaped plant has been reduced from 12 states to 8.
As a consequence, the final controller has 36 states. As
a example, we design the control system with @,= 104.72
rad/s (p = 1000 rpm). The singular values of the shaped
plants and the open loop transfer functions are shown in
Figure 3. Figure 4 shows the singular values of the
sensitivity functions. From the figure, we can see that
sensitivity approaches zero at the frequency ,.

In this design, we ignored the interference terms, which
express the gyroscopic effect, as p = 0. We therefore
verify the robust stability of this system against changes
in the rotational speed of the rotor. Let the perturbed
plant (p #0) be denoted by G, and the additive pertur-
bation A, of G, from G is as follows:

A, =G,-G . (32)

In Figure 5, the singular values 1/o(K(/-GK)™") and
o(A,) at @, = 1675.5 rad/s (p = 16000 rpm) are shown.
This system is stable at w,<1675.5 rad/s, because
o(A ») 18 smaller than the allowable additive uncertainty
1/6(K(I-GK)™) at all frequencies.

SIMULATION RESULTS

The simulations are carried out by using SIMULINK.
The following figures show the displacement on the left
side of the rotor when the rotational speed is varied at
the rate of 2 rpm a second. The results with the controller
designed at 1000 rpm when the rotational speed is varied
from 900 rpm to 1100 rpm are shown in Figure 6. The
results with the controller designed at 3000 rpm when
the rotational speed is varied from 2900 rpm to 3100
rpm are shown in Figure 7. Similarly, the results with
the gain scheduled controllers are shown in Figure 8
and Figure 9, respectively. From these results, it can be
seen that even if the rotational speed of the rotor varies,
the elimination of the unbalance vibration of the rotor
can be achieved by the gain scheduled H,, controllers.

CONCLUSION

In this paper, we introduced gain scheduled H_ robust
controllers by scheduling the free parameter as the func-
tion of rotational speed of the rotor, in order to eliminate
the unbalance vibration even if the rotational speed of
the rotor varies. For such a design, we employed the
LSDP. Moreover, we showed the conditions whereby
we can get such controllers. Finally, results of the simu-
lations showed the availability of the gain scheduled
H,, robust controllers designed for the elimination of
the unbalance vibration at the variable rotational speed
of the rotor.

APPENDIX
Definition A. " H_problem with boundary con-
straints"
Find the K (s) satisfying
(s1) K(s)stabilizes-F; (P,0) ,
D |P, . <et=7, (33)
(s3) LP,(jo)IT= Y, (34)
where P,,:=F, (P,K).
Definition B. "Basic constraints"
Ly:=Pi(jo), ¥:=Pi(jo)P, (jo) (35)
where Py (s)P,(s)=0 .
Definition C. "Extended constraints"

1:::[122} , 4,::[‘1’;]17} , (36)

where L and @ are row full rank.

Theorem A.
H_, problem with boundary constraints {L, Il, ¥} is
solvable, iff the following three conditions hold:

(a) The H,, problem is solvable.

(b) ranl{LLB IPIBPH} = rank[lI:B } 37
@) L > y*Purm™ . (38)
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