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ABSTRACT

This paper is concerned with p-analysis and synthesis of a flexible beam mag-
netic suspension system. The experimental apparatus utilized in this study is a sim-
plified model of magnetic bearings with an elastic rotor. After introducing the
apparatus, a nominal model as well as a set of plant models which accounts for addi-
tive model uncertainty, is derived. We then setup robust performance objective as a
structured singular value (u) test. There, for all the possible plant models, the
closed-loop system is required to be internally stable, and in addition, the weighted
sensitivity is required to satisfy a certain H_-norm condition. For the design, we
make use of an iterative computing environment u-Analysis and Synthesis Toolbox,
where the so-called D-K iteration approach is employed. The designed controller is
implemented using a digital signal processor uPD77230. Several experiments are car-
ried out in order to evaluate robust performance of this design. These experimental
results show that the closed-loop system achieves robust performance against various
real perturbations.

1. INTRODUCTION

The progress of p-control theory, as well as the concepts of LFTs and LMIs [1]
now produces a powerful computing environment p-Analysis and Synthesm Toolbox
[2]. In this situation, the application of u to the magnetic suspension technology is
one of the most c'hallenging issues. In this paper, a p-controller is experimentally
evaluated on a magnetic suspension system with a flexible beam. Based on several
experimental results, we will show that the closed-loop system designed by pu-
synthesis achieves robust performance against various real perturbations.

2. FLEXIBLE BEAM MAGNETIC SUSPENSION SYSTEM

We consider a magnetic suspension system with a flexible beam shown in Figure
1 [3] - [5]. The experimental configuration consists of a flexible aluminum beam with
an electromagnet and a gap sensor, which is a simplified model of magnetic bearings
for a flexible rotor. The beam is supported by a hinge at the left side. Mass M is
attached at the center of the beam and mass m is attached at the right side. An U-
shaped electromagnet is located as an actuator at the right side. As a gap sensor, a
standard induction probe of eddy-current type is placed at the same posmon in the
right side. The nominal parameters are given in TABLE 1.
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TABLE I - NOMINAL PARAMETERS.

beam length 2!, m 3.8
first order resonance frequency f,, Hz 4.5
deflection of the beam X,, m 12.3x1073
‘mass m, kg " 5.8
mass M, kg 10.36

stationary gap of the electromagnet X,, m  5.0x1073
steady state current of the electromagnet I/, A  0.885

resistance of the electromagnet R, 2 57
inductance of the electromagnet L, H 3.16
I+i electromagnet
D
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supporting point . X
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Figure 1. Flexible beam magnetic suspension system.

A digital signal processor (DSP)-based real-time controller is implemented with
NEC pPD77230, which can execute one instruction in 150 ns with 32-bit floating
point arithmetic. The data acquisition boards consist of a 12-bit A/D converter
DATEL ADC-B500 with the maximum conversion speed of 0.8 us, and a 12-bit D/A
converter DATEL DAC-HK12 with the maximum conversion speed of 3 us.

3. MODELS

3.1. NOMINAL MODEL

A nominal model of this experimental system has been derived in [3], [4]. The
state-space representation is of the following form '

g, = Az, + Bu, y= Cg, (1)

where z,:= [z, 7, 7, T, z’]T, u:=e, y:=2z,and
00 0.0 1.0 0.0 0.0 ] [ 0.0
00 00 00 10 00 0.0
Ag = | 7070 712 —-0.327 0.654 —41.9 |, Bg =1|0.0 , Cg = {1 0000 ] (2)
399 -797 0.654 —-1.31 0.0 0.0
0.0 0.0 0.0 0.0 —18.0 ] | 0.317 |
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With this, the nominal transfer function G,,, from u to y can be obtained as follows

G - —13.3(s+0.654—528.2)(5+0.654+;28.2) )
" (s+84.4)(s—84.1)(s+18.0)(s+0.697—528.8)(s+0.697+;28.8) °

3.2. MODEL PERTURBATIONS

There is no need to say that discrepancies exist between the nominal model and
the real plant depicted in Figure 1. These uncertainties may be due to the unmo-
deled dynamics of the flexible beam, and the neglected nonlinearities in the elec-
tromagnet. In order to account for these two types of inaccuracies, the following
model perturbations have been employed.

Define the transfer function G,y and G,y from G, with two model
parameters changed ( see TABLE I ). There, in the former the parameter m was
replaced by 1.5m (i.e., 50% increase), and in the latter the parameter R was replaced

by 1.05R (i.e., 5% increase). Using these perturbed transfer functions, define

Am = Un_perturh — Gnom’ AR = Gr_perturb - Gno;m’ (4)
Each magnitude of these additive perturbations A,, and Ay are plotted in Figure 2.

3.3. SET OF PLANT MODELS
Now consider the set of plant models as

G := {Gnam + Aaddeadd l Aadd ”oo S 1} (5)

in which the real plant is assumed to reside ( see Figure 3 ). Here the transfer func-
tion A ;; W, represents the potential differences between the nominal model G,
and the actual behavior of the real plant. All of the uncertainty is captured in the
normalized, unknown transfer function A ;. From Figure 2, the uncertainty weight-
ing W,, is chosen as follows

W 6.2x107%(1+5/5.0)(145/550.0)(1+5/700.0) (6)
add (1+5/30.0)(1+5/35.0)(1+5/38.0) '

10_4 e ;MpDEL PEBT"I:IRBATI(V)X\LL ]

10 S0 W_ADD (SOLID) ~~ 1 e

" 6| DELTA_R (DASHDOT) ':: > A add
B10TL i AN
%10-8 L DELTA_m (DASHED) ' ] Wadd
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10710}
10-11 " ;
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FREQUENCY(rad/s)

Figure 2. Model perturbations.- Figure 3. Set of plant models.
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4. PROBLEM SETUP

4.1. DESIGN OBJECTIVES

Consider the feedback structure shown in Figure 4. The dashed box represents
the transfer function of the real flexible beam magnetic suspension system, which is
unstable in nature. Hence, our principal control objective is its stabilization. In fact,
We would like to design a stabilizing controller K not only for the nominal model

G,.m» but for all the possible plant models G € G. This robust stablllty condition is

equivalent to
[ Wadd_r K(I+ GnomK)_l Wadd_l ”oo < 1. (7)

It is noted in Figure 4 that we _factor the uncertainty weighting as
Wadd = Wadd 1 w add_r where de 1= 1. 0)(10_

The performance of this feedback system can be evaluated using the (output)
sensitivity functlon

= (I+G,, k)™ (8)

In order to reject disturbances at low frequency, the performance weighting W,,,; is
chosen as

20.0
Weet = Wrsf01) ‘ ©)

. ( see Figure 5 ). Factoring Wpe,s = Wierp i Wpers . with Wp,.¢; = 1.0x107 =7, the nominal
performance requirement is then equivalent to

| Wyers » (I+G, oK) Woers i lloo < 1. (10)

In practical situation, however, we would like to achieve. this performance for all the
possible plant models G € G:

i We,,,(I+GK) Wyerpilleo <1, VG € G. (11)

PERFORMANCE WEIGHTING
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Figure 4. Feedback structure. Figure 5. Performance weigliting.
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Figure 6. Interconnection structure.

Hence, the design objective is to find a controller K such that the closed-loop
system remains internally stable for every G € G, and in addition the weighted sensi-
tivity function satisfies the performance (11) for all G € G. This is the robust perfor-
mance objective.

4.2. BUILDING THE GENERALIZED PLANT

The above design goals exactly fit in the py-synthesis framework by introducing a
- fictitious uncertainty block A, The appended uncertainty block A, is used to
incorporate the robust performance calculation. Rearranging the feedback structure
in Figure 4, we can build the interconnection structure shown in Figure 6. The
open-loop interconnection P in Figure 6 is often referred to as the generalized plant.

5. DESIGN

5.1. STRUCTURED SINGULAR VALUE (1)
First, define a block structure Aas |

= { [ ] . Audd €C, Aperf eC } (12)
Next, with P partitioned as '
Py Py

P = 13

Py Py (13)

in an obvious way, let F;(P,K) denote a linear fractional transformation on P by K,
where

Fy(P,K) := Py; + PpK(I-PpK) Py, 4 (14)
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( see Figure 6 ). Then, robust performance is equlvalent to the following structured
singular value test [1]

sup pa ( Fy (P,K)(jw) ) < 1. (15)
wER -

Recall that, in this case, the structured singular value p,(M) is defined as

. 1
halM) = mm{—(A) AeA det(I—MA) 0} (18)

for a matrix M € C**2

It is not known how to obtain a controller K achieving the structured singular
value test (15) directly. Hence, our approach taken here is the so-called D-K itera-
tion [2]. Using the known upper bound for g, we can attempt to find a stabilizing
controller K and a scaling matrix D such that

| DF, (P,K)D i, (17)
in minimized.

5.2. p-ANALYSIS AND SYNTHESIS

The D-K iteration involves a sequence of minimizations over either K or D while
holding the other fixed, until a satisfactory controller is constructed. First, for D = I
fixed, the controller K is synthesized using the well-known state-space H, optimiza-
tion method Let F, (P,K) be the closed-loop transfer function from the disturbances
w to the errors z in Figure 6. Then, solving the following H._ control problem

WF(PK)llog<7; 71 =13 - (18)
yields the central controller K; below

X —7.31x10%(s+84.4)(5+38.0)(s+35.0)(5+30.0)
17 (5+1247.0)(s+23.8)(s+0.10)(s+603.7— j466.9)(s+603.7+7466.9)

(s+18.0)(5+1.81)(5+0.697—528.8)(s+0.697+528.8) (19)
(5+42.7—517.1)(s+42.7+517.1)(s+0.397—728.1)(5+0.397+528.1)

Thus, the first step of the D-K iteration amounts to the standard H_ (sub)optimal
control design. Now we try to assess robust performance of this closed-loop system
using p-analysis associated with the block structure (12)." The maximum singular
value o and p of the closed-loop transfer function F, (P,K,) are plotted in Figure 7. It
is noteworthy to point out that the peak value of the p plot is not less than 1! This
reveals that the closed-loop system with K, does not achieve robust performance (1],
2]

Next, the above calculations of u produce a scaling matrix at each frequency so
as to minimize (17). These data will be fit with a stable, minimum-phase, real-
rational function. The resulting scaling matrix D will be absorbed into the intercon-
nection structure with multiplication and inverse. In this design, we try to fit the
curve using a Ist order transfer function. Now, let P, denote the new open-loop
interconnection structure absorbing the scaling matrix D. This time, from the follow-
ing H_, control problem
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I F (PuK)ll<¥2; 72=10 (20)
we can calculate the central controller K, as follows |

K — —6.93%10%(5+84.4)(s+110.1)(5+2.85)(5+38.0)(s+35.0)(s+30.0)
27 (5+1181.1)(5+24.6)(5+0.10)(5+110.5)(s+2.75)(s+578.6— j479.3)(s+578.6+7479.3)

(5+18.0)(s+1.59)(s+0.697—728.8)(5-+0.697+;28.8)
(5+41.3—515.6)(s+41.3+515.6)(s-+0.421—j28.1)(5+0.421+528.1)

(21)

The maximum singular value ¢ and g of this closed-loop transfer function are plotted

in Figure 8. Further, in order to evaluate nominal performance as well as robust sta-
bility, the magnitudes of the frequency responses for the following four transfer func-
tions are plotted in Figure 9 through 12

(I+G oK) | (22)

(F-GoonK) G+ (23)
) Ki (I+GnomKi)_1 (24)
G omKi (I+GnomKi)_1‘: (25)

for i = 1,2. From Figure 9 through 12, it can be seen that K, achieves better nomi-
nal performance and robust stability than K, does. Furthermore, since the value of p
is less than 1 across frequency in Figure 8, robust performance is now achieved for
the closed-loop system with the controller K2

6. EXPERIMENTAL RESULTS

The designed continuous-time controllers K; and. K, are discretized via the Tus-
tin transform at the sampling rate of 61us and 80 us, respectively. We first evaluate
nominal performance of these controllers with a output response for a step-type dis-
turbance. The disturbance is added to the experimental system as an applied voltage
in the electromagnet, which in fact amounts to about 20 % of the steady-state force.
Figure 13 shows the response of y = z;, when the controller K, is implemented.
While, Figure 14 shows the response with the controller K, in the same situation.
Companng these results, we can see that K, achieves better nominal performance.

Our concerns are also in the robustness of the closed-loop system against various
real perturbations. Hence we further continue the same experiments with the values
of the parameters in the experimental system changed. Based on this, we will evalu-
ate robust performance as well as robust stability of the closed-loop system with the

* controller K,. Noting the results in Section 3 regarding model perturbations, the

parameters have been changed in the following ways:
(i) m = 8.28 kg, which amounts to 42.8 % increase for its nominal value of 5.80 kg,
(i) R = 59.5 Q, which amounts to 4.4 % increase for its nominal value of 57.0 .

The experimental results are shown in Figure 15 and 16. In each case, it can be seen
that the flexible beam is still suspended stably even though the step-type disturbance
is added, and in addition to it, the transient behavior is not so deteriorated as com-
pared with the result in Figure 13. Therefore, these experimental results confirm us
that the closed-loop system with the controller K, achieves robust performance.
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Figure 11. K; (I+G,,.K)™! (i=1,2).
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Figure 12. G, K; (I+G,,.K)™ (i=1,2).




g L 1 .

g | - . i
= .
L= 0 ,

3] .

< L

o -
[~

2

= -1 Il 1 ' 1 I ! 1 ! )

0 1 2 3 4 5

: . TIME (s) :
Figure 13. Output response to step disturbance with K, ( nominal ).

T T T T T T LI T T

1

1

DISPLACEMENT (mm)

0 1 2 3 4 5
, TIME (s)
Figure 14. Output response to step disturbance with K, ( nominal ).
E 1 LI T r T T T T T T
£
= _
Z .
= .
S 0 —_A/_/W\MWAM__—_
=
Q
Lo
) - .
&
z
Q -1 1 1 L 1 1 I. 1 1. 1
0 1 2 3 4 5
TIME (s)
Figure 15. Output response to step disturbance with K, ( perturbed: m = 8.28 kg ).

T T T T T T T - T T

1

i 1 1 1. 1 1 1 1 1

0 1 2 3 4 5
TIME (s) '

Figure 16. Output response to step disturbance with K, ( perturbed: R = 59.5 kg ).

DISPLACEMENT (mm)
[

503



504 H>= CONTROLLERS

7. CONCLUSIONS

In this paper, we evaluate a controller designed by p-synthesis methodology with
experiments for a flexible beam magnetic suspension system. Several experimental
results showed that the closed-loop system with the u-controller achieves not only
nominal performance and robust stability, but in addition robust performance. For
real practical applications of u to the magnetic suspension technology, we will need
further experimental evaluation.
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