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Abstract

Most Active Magnetic Bearings (AMBs) show a symmetry of 4 geometry, because the magnetic forces are gen-
erated in 4 points in a plane, two in the canonical x direction and two in the y direction. AMBs with symmetry
of 3 are harder to find, either in real-world applications or in the specific literature. Their stators generate forces
in 3 coplanar points; one of these, at most, can lie in one of the canonical x, y directions. This work will develop
and analyse mathematical models for the symmetry of 3 AMBs; in some cases these models can be problematic.
Some comparisons will also be made between these two basic geometries trying to decide whether one or the other
should be used in practical applications.

Keywords : Symmetry of 4, Symmetry of 3, Uncoupled fluxes, Coupled fluxes, AMBs geometry

1. Introduction

The majority of Active Magnetic Bearings (AMBs), either in real-world applications or mentioned in the literature,
show the structure on the left side of Figure 1. The four U-shaped electromagnets generate restoring forces in the x and y
directions; the windings are rigged in a way that results in four independent magnetic flux loops [1,3,10].This geometry
is characterized by eight poles, or stubs or teeth leaving the stator and pointing inwards to form the eight gaps separating
the stator and rotor. This structure can be refered to as 8 gaps, 8 poles, or uncoupled fluxes (UF).

Fig. 1 Windings are shown for the positive x direction only; opposing pairs of windings along the x(y) direction
control that position. In the traditional AMB, at the left, there are no connections among the flux paths; in
the four-pole case, at the right, the flux paths are interconnected.

There are other possible types of AMBSs [4,5,6,7].The right side of Figure 1 depicts a structure that mixes the fluxes
in the rotor and can be called 4 gaps, 4 poles, or coupled fluxes (CF). In both cases, the windings in the x, y directions are
fed with currents i; = iy + i,,(?); the differential currents i, , will control the rotor position [3,10,11].The resultant forces
fxy can be expressed in terms of these currents, the air magnetic permeability g, the number of coils 7, the cross-section
areas A and the nominal length £ of the air gaps




The previous geometries exhibit symmetry of 4 (Sym4), because the forces are generated in 4 points. AMBs with 06
or 03 poles are harder to find in applications or in the literature [1,2,8,9,12].Their stators show symmetry of 3 (Sym3); a
basic picture of the situation is shown in Figure 2. In the 6 gaps each pair of poles performs as a U-shaped electromagnet.
All the flux injected in the rotor by one of the poles is absorbed by the adjacent pole; the fluxes generated by one of the
electromagnets do not intercept the fluxes from the other channels and this explains the name uncoupled or unconnected
Fluxes (UF). In the 3 gaps, the situation changes completely, leading to coupled, mixed, connected fluxes (CF).
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Fig.2 Sym3 possibilities for AMBs: 6 gaps or 6 poles or UF (uncoupled fluxes) at the left and 3 gaps or 3 poles
or CF (coupled fluxes) at the right. All windings control the x and y positions; only the current in direction
1 is shown.

The same aspects concerning the fluxes happen in the Sym4 world and many comparisons between the two resulting
AMB structures can be found in [7].It is just natural to assume that a similar comparisons can be made in the Sym3 world.
The work in [1].brings unexpected facts: the mathematical model for one possible CF geometry with 3 gaps cannot be
linearized. Many possible geometries can provide CF in the Sym3 world and one of the goals of this paper is to study
them, and also to compare the well-behaved UF geometries of 08 and 06 gaps to decide wether Sym3 AMBs are (or are
not) possible alternatives to Sym4 devices.

2. Symmetry of 3 basic facts

More details about the following facts can be found in
[1,9].Magnetic Devices (MDs) transform electric cur-
rents in forces; the side figure depicts 03 MDs sym-
metrically surrounding a particle. An easy way to rep-
resent MDs is used in this figure; in real life, most

MDs are either cylindrically or U-shaped pieces of a
ferromagnetic material surrounded by coils of wire.
The coordinates x(¢) and y(#) (or the rotor position,

in the AMBs case) are controlled by the forces fi (1)

for k = 1,2,3. The directions of these forces, see MD3

the side figure, can be considered fixed, for small dis- i <
placements; projecting their absolute values in the x Side Figure: MDs placed around
and y directions leads to a centered particle
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It is well known [3,10,11] that the reluctance forces produced in MDs depend on the square of the magnetic flux, the
area occupied by it, and on the air magnetic permeability pg:
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Each force depends only on the magnetic flux ¢;(¢). In some cases, ¢;(¢) is affected only by the current ix(¢) and by the
distance d; between the body and MDk. This case is fairly easy to study but in other situations fluxes in each channel
depend on the parameters of all MDs: ¢ (?) = @i (i1(2), ir(2), i3(1), d1(¢), d>(1), d3()) Vk = 1,2,3. The distance /& between
the origin and each actuator is fixed; let e, measure the body’s displacements, considered positive when pointing towards
MDk. For significant load dimensions, as in AMBs, # is the nominal gap width. It is clear that

di(t) = h—ex(r) for k=1,2,3. 3)

It is easier to measure the body’s displacements ex(7) than its distances d(¢) to the MDs so the fluxes expression can
be updated: ¢r(t) = @i (i1(2), i2(1), i3(2), €1(F), e2(t), e3(t)) Yk = 1,2,3. The fluxes depend on 03 injected currents, and 03
displacements ey, €3, e3. The e, are redundant to determine the position in the plane, only two displacement sensors are
installed in practical implementations, covering the canonical and orthogonal directions x and y. It is easy to see that, as
shown in [1], the ex(?) are related to the measurable quantities x(¢) and y(¢) by

el(t) =

V3x(t) + % V3 + ? and  e3(r) = —y(o). )

> and e(t) = — >

The dy = h — e, with these values are approximations to the real distances between the body and the MDs. These
numbers are small so this is accepted and used without any care. There are, now, only 05 variables affecting the fluxes in
MDs and the previous equations can be further improved to ¢i(¢) = ¢ (i1 (1), ix(2), i3(2), x(2), y(¢)) Yk = 1,2, 3. To analyze
if it is possible to position the particle with fewer than 3 control variables, particular cases will be considered.

3. AMBs with uncoupled fluxes

The next results can be found in [3,10,11]. An illustration of a Sym4 UF device is shown on the left side of figure
1. There are four pairs of poles in the stator; the word pole used here, and in all the paper, has no magnetic meaning, it
indicates parts of the stator that point inwards. Each pair of poles performs as an independent U-shaped electromagnet.
Simple facts on reluctance are used to find the force at each MD. Let uq be the air magnetic permeability and the pole areas
and the number of coils be equal to A and n. Using equation (2) for each pair of poles and (3): fi(f) = K () (h — ex(1))?
with K = ppAn?/4 for k = 1,2,3,4. The forces on the rotor are f* = f; — f; and fY = f> — f3. If x and y are the rotor
displacements it is easy to see that e; = x, e; = y, e3 = —x, and e4 = —y. The result is

fX:K[(hi—lx)z_(hiix) and /¥ =K{(hi—2y)2+(hiy)2

The iy currents depend on a fixed iy and two differential parts i, and iy: i1 3 = i iy, ir4 = ip =i,. Using these allows a

final form for the forces; they depend on x, y, iy, i, and can be linearized around the operating point OP = x4, 1,1 =

s fxo by
(0,0,0,0). The well-known result is

2
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HoAn’i; ke = HoAn?ig 6
k= (6)

ff=kpx+ki. and fY=kyy+ki, where k,=

The facts above consider Sym4 AMBs. More details about the following Sym3 results can be found in [1,9]. An
illustration of a device is shown on the left side of figure 2. The fluxes ¢, are uncoupled, and basic results [3,10,11]
are used to find the force at each MD. Assuming again equal areas and number of coils, equation (3) leads to fi(f) =
Kin(£)?/(h — ex())* with K = poAn2/4 for k = 1,2, 3. The forces on the rotor come from equation (1); the result is

2] o]

Keeping in mind equation (4), and since d; = h—ey, the three distances in the above formulas depend on the displacements
x and y only:

V31 Vi1
d]Zh—Tx—Ey; d2=h+7x—§y; d3=h+y. (8)

It is reasonable to consider a fixed base current iy and differential currents v(¢) to be rigged as

i1(t) = ip +v1(0); ir(t) = ip + v2(D); i3(2) = ip + v3(2). 9
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A mathematical model for the force generation in 06 poles AMBs consists of equations (7), (8) and (9). The net
result is f = g,,(v1, 02,03, X, y). The linearization around the operating point OP = (v9, 03,03, x°,%°) = (0,0,0,0,0)
leads, after a thorough calculation, to

3Ki2 Ki

ff=kpx+ V3ky(v1 — v2), fY = kpy + ky(v1 + v2 — 2v3) where k, = 70 and k, = h_zo‘ 10)

Using this expression in a linearized dynamic model for the AMB it can be seen that only two control currents i, and
iy are needed to stabilize the system; one possible solution appears:

V3.1 Vi1,

—i,— =i Uy = — iy — =1,
2 2 2 2

This transforms (10) in a completely decoupled structurew; a nice and desired fact.

v = — U3=iy. (11)

An’i An’i
fx = kp.x + kii)m fy = kl)y + kiiy where kp = 3M : 4” -

g and k= —30T (12)
3.1. Comparing Sym3 and Sym4

The forces in a UF Sym4 device are modelled by equations (5) and (6). For a UF Sym3 device equations (7) and (12)
do the job. To compare these geometries, by simulations, a more complete AMB model is needed, taking into account the
rotor dynamics. The simulations data come from a prototype [7] depicted in Figure 3. A vertical rotor fits in stators with
different geometries. The upper disk generates harmonic disturbances that will not be considered here. The bottom part is
a mechanical bearing to prevent vertical movements; above it comes the rotor of a motor for spinning the shaft and then
the AMB rotor, the same for every geometry, and the sensors’ target.

z . z,0
‘ T unbalancing mass m
upper disk (I ]Iﬂ = T e | upper disk
|

back-up bearing RN T RE

Sensor X, Yy O i TR ez — Sensor x, y
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Fig. 3 Vertical rotor’s aspects and dimensions, in the left part. In the right half, a simplified representation of its
basic geometric aspects and dimensions.

Traditional methods [3,10,11] are used to model the rotor. The supporting bearing allows angular movements in any
direction and provides a fixed point for the rotor. An inertial reference system is placed at this location; the positive angles
a, B and @ are found with the right-hand rule on x, y and z. Assuming a rigid and homogeneous rotor, the center of mass
displacements are determined by @ and 8, and a full model is obtained from the rotational equations alone. Denoting
the angular moments of inertia by I, I, and I, symmetry assures that I, = I, = J. In the classical Newton-Lagrange
framework, the dynamic equations are:

JB(t) - wli) = Eg and  Ji(t) + wLB(0) = E, (13)

where w = @ is the rotor angular velocity and Eg, are the external torques that may come from different sources: magnetic,
gravitational, supporting bearing and disturbance, or mass unbalance. Only magnetic and supporting bearing torques will
be considered here. If x and y are the rotor displacements at the AMB position, then sinf = x/b and sina = —y/b. The
forces from the stator cause torques Pg = bf* cosf and P, = —bfY cos a. The supporting bearing has a viscous damper
constant C, generating torques Pg = —C,f3 and P, = —C,&. The model in (13) can be updated

JB(t) + C.B(1) = wLa(t) + f*beosB  and  Ja(f) + Cud(t) = —wLB({) — f'bcosa (14)
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To relate the magnetic forces to the rotor linear displacements it suffices to remember that
x =bsing and y = -bsina. (15)

Equations (14) and (15) model the non-linear rotor motions. To linearize them recall that 8 and « are usually small,
and for small x: sinx ~ x and cosx ~ 1. Choosing p; = 8, p» = @, p3 = B, p4 = &, a linear state space description is
p(t) = A,p(t) + Bu(t) where p = [p1 p> p3 pal’, v = [f* f”]T. When the linearized f* and f¥ in (6) and (12) are used this

equation changes to
p() = Ap(t) + Bu(?) where u = [iy iy]T. (16)
A and B are 4 X 4 and 4 x 2 matrices respectfully structured as:

0 b 0 b’k 1| -Co wI, bki| 1 0
, Ay = —Lh, Ay = = ,By = — . a7
Az] A22 Bz J J —(/.)[Z —Ca J O -1

It is important to notice that equation (16) models a linear system that is time invariant only for a fixed rotational
speed, because Aj depends on w.

3.2. Control

Choosing a control law for AMBs requires, in most cases, a linear model and so the linearized equations for each
geometry will be used first. The LQR (Linear Quadratic Regulator), for which references abound, will be employed; it
searches for u(¢) that minimizes the performance index

Lu= [} (P"00P®) + u” ()Ru()) dt.

The solution is a state feedback u = F*p that drives the state to zero in an optimal way. Matrix Q emphasizes the
importance of the state p, while R is associated with the control cost, measured by the u curves. The values Q = I4 and
R = I, will be used in the simulations. Most softwares used in control applications, like Matlab and Octave, have simple
commands to calculate F*.

The first step of all simulations is to find the LQR F* for the linear model (16); making v = F*p means that i, and
iy are expressed in terms of the state variables p;. The next step is to use i, and i, in the non-linear models in (5) and
(7); curves x = bsinf and y = —bsina can now be plotted. The prototypes characteristics were measured in the SI
system; the geometric dimensions are b = 0.137,d = 0.203, g = 0.252,r = 0.060; the inertia and viscous values are
I, =0.0017,1, = I, = J = 0.0592, C, = 0.0303; the air gap is & = 0.0005 = 5E — 4 and w = 360. A base current iy = 1 is
considered and Ko = poAn* = 1.47725E5; the magnetic coefficients k, = and ; can be calculated for the both cases.

For the Sym4 case, the position and current constants are k, = Koié/h3 and k; = Koio/h?, with K, defined a few
lines above. Octave was used and the result assigned the closed-loop eigenvalues to —68.22 + j5.75 and —54.54 + j4.59.
The constants for Sym3 are k, = (3Ko/4)i3/h* and k; = —(3Ko/4)ip/h*. The optimal solution, by Octave, assigns the
closed-loop eigenvalues to —58.14 + j5.67 and —47.88 + j4.67. These solutions are in equation (18).

. —544.1427 45.8247  -8.9396  0.0000 . 542.8405 -52.9319 10.2875 0.0000
Fi= Fi= (18)
45.8247  544.1427 0.0000 8.9396 -52.9319  —542.8405 0.0000 —10.2875

In both cases, the differential currents i, and i, to be used in the linear model are given by F*p; for the non-linear
model F*[8 a "t8 &]” must be used. For the initial conditions x(0) = y(0) = h/(2b) the models of both devices were
simulated in OpenModelica for 0.2s; the x(f) and y(¢) curves are shown in Figure 4.

The convergence to the center is fast and with no overshoots in both cases. The differences between the two ge-
ometries are small and hard to detect in an open eye inspection. Even though Sym4 seems to be a little bit better, the
differences are very small and affirming that, in the particular case of these simulations, both geometries performin a very
similar and interchangeable way must cause no fuss. Results for i, and i,, not shown here, behave in this very same way.

The curves are not presented here, but simulations for Sym4 and Sym3 with LQR controls calculated with [Q R[
varying between [1024 1] and [1 1024] were made, with results very similar to the above ones. These simulations results
are still in a shy beginning, but they allow us to say that, or hope for, Sym 3 and Sym4 UF devices are both valid attempts
to use in AMBs.
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Fig. 4 Rotor displacements for a Sym4 AMB, at the left and a Sym3 at the right; red curves denote x(#) and blue
ones y(?); the time span is 0.20s and the displacements range from +0.3mm.

4. AMBs with coupled fluxes

Only the Sym3 case will be treated here; more details about the following results can be found in [1,9]. An illustration
of a device is shown on the right side of figure 2. The mathematical model for this geometry, shown in [1] has a serious
problem, its linearization is problematic. One of the main goals of this article is to investigate other coupled fluxes
possibilities in the Sym3 world. The UF Sym3 covered in the last section is also called Type A, and the CF mentioned
above is Type B. Type C geometry is represented in Figure 5: there are 03 flux injecting (for positive currents) poles and
a neutral one that offers a simple exit or entrance for fluxes. Will this Sym3 geometry with an even number of poles be a
valid coupled fluxes device?

ip+ 0y

i(' U3

Fig. 5 Type C: a symmetry of 3 device with an even number of poles.

The ferromagnetic connections in type C allow a current in any winding to cause fluxes in all air gaps. If ¢ ;. denotes
the flux in air gap j caused by a current in winding k, and assuming no losses and positive signs for fluxes headed to the
center, the magnetic fluxes at the poles are:

dr1=01—dr2—d13, $2=—¢21+ b0 —¢3, ¢3=—d31 — P2+ ¢33, P6 = —de1 — P2 — Pe3.  (19)

The forces in channels k = 1,2, 3 are given by equation (2). The circuit in figure 6 models a situation when pole 1
is generating flux; the magneto-motive force due to i; is F; and the gaps reluctances are R;, R, R3 and Re. Magnetic
circuits can be studied with the passive electric circuit analogy: reluctance R; in the figure is in series with the parallel
combination of R, R3; and Rs. A careful analysis of this diagram would result in expressions for the ¢,k = 1,2, 3, 6.

Repeating this procedure for the other windings allows the determination of the ¢;;; the long details are not shown
here. To understand the final results consider the auxiliary variables depending on the displacements d; and on the injected
i, which must be defined in a very general way, with different values for the base currents: i; = i, + vy, i = i, + v and
13 =1, + V3.

Djj =didj, Dy =did;dr, A= D+ Dizs+ Dizs+ Do (20)
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Fig. 6 Magnetic flux equivalent circuit associated with current i;(%).

N1 = Dys(ia + v1) + Dag(iy — ic + v1 —v3) + D3e(iy — ip + 01 — 02), (21)
Ny = Dy3(ip + v2) + Dig(ip — ic + v2 = v3) + D3g(ip — iy + 02 — v1), (22)
N3 = Dia(ic +v3) + Dig(ic — ip + v3 = 02) + Dag(ic — ia +v3 — v1), (23)
No = =D3(iq + v1) — D13(ip + v2) — D1a(ic + v3). (24)

The fluxes ¢, can be determined: ¢; = ppAnN| /A, ¢2 = poAnN> /A, ¢3 = ppAnN3A, ¢ = —ppAnNg/A and, using (2),
the forces in the three channels can be expressed as: F; = ,qunzN]Z/Az, Fy = poAnzNg/Az, F3 = poAnz(N§ —N62)/A2. The
resultant forces in the x and y directions can be found, once again, with the help of equation (1), recalling that Ko = poAn:

N2)

(N} + N3 =23 - ND))
20 ‘

Using (8) in the previous expression leads to fy, = g,,(x,y,v1,02,03). A linearization around the operating point
OP = (x°,y°, 07,035, 03) = (0,0,0,0,0) is characterized by

= K, \/_( and  f, =Ko (25)

_ 3|9 O ooy 4 |22] = o

fi=1filo = kzl[&k} (0 = vp) + axL(" )+ ayL(” ¥) (26)
_ dg @ o dg

f=18], kl[ak] (0 — 0p) + axL< x°) + 6yL(y ¥°) 27)

The values of f, at the operating point can be shown to be [f;], = Ko \/§(ia + iy — i)y — ip)/(4h%) and [fy]o =
Ko(5i% + 5i% — Ti2 + 6igic + 6ipic — 6i,ip)/(16h%). A simple calculation shows the existence of two possible solutions that
make both these values 0, as they should: solution I is i, = i, = iy, i = 2ip and solution Il is i, = i = iy, i, = —2ip/7.
Solution I leads to [N;]o = [N2]o = 0, [N3]o = 4h%iy and [Nglo = —4h%iy. Making Ky V3/(2A%) = K in (26) the partial
derivative of f, = KN? — KN? can be found:
df. _ 0f: ON N afy ON, ON, 0N,

= —— =2KN,— - 2KN,—= 28
(9Uk 6N1 6Uk 3N2 6Uk : 60 2 (9Uk ( )

Since [Ni]o = [Na2]o = O this derivative evaluated at the OP is zero and no linearization can be made. Again. But
Solution II gives another solution i, = i, = iy, i. = —2ip/7 and with this choice the N; values at the operating point are
[Nilo = 16h%iy/7, [Nalo = 16h%ig/7, [N3]lo = —20h%io/7, [Nelo = —12h%iy/7 and the partial derivatives are

af] _ 4V3Koio af] _ 4V3Koio i _, 29)
(91)1 0 B 7]12 ’ 302 0 B 7/’12 ’ 603 0 B

where Ky = uoAn®. The expression for f; in the left side of (25) leads to
Ofc _ 0fc 0Ny O0fc ON> Of 0N Ofc _ O0fc ONi  Ofc ON> Of; OA (30)

ox _ ON, dx 0N, 9x oA ax ¢ ay TGN, 9y  ON> oy | 0A dy

A careful calculation of the partial derivatives above is a long and cumbersome endeavour and its details will not be shown
here; the final result is

dfx 48Ki? df:
v = d —_ =
[ ox } a3 " ay | ="

€19
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The same procedure should be applied to f, in (25); it is a longer and cumbersome task and the readers will be, once
again, spared of the details. The final results are

e [ [ @ H-w

_ %o _ Zoio. _ 2o, )
Ox Oy 4943 Oovy Th? ovy Th? Ovs h? (32)

Based on (26) and (27) a first version of the linearized model, using he differential currents vy, can be written:

_48Koiy  43Koi _ 66Koiy Kol
S o e ) ad = gyt g

(1)1 + 0y + 71)3). (33)

One possible way to express the vy in terms of only two variables i, and i, is by choosing v; = V3i /2 + iy, =
V3i./4 +i,,03 = =3 V3i,/28 + i, /7. After this, the linearized model can be finally given by

6Koig - _ 3Kao
49h; T

fx = 8kpx + kiiy and f, = 6k,y + kii, where &k, = (34)

Even though the position constants for x and y are not the same a decoupled structure appears, and this is a very
welcome fact. A Sym3 device that can be linearized was found at last, after a long and unsuccessful search.

— ) — o, —yin) —yrr)

With the same conditions used previously for the ?
LQR control, this device was simulated in Open-
modelica; the side figure shows the curves x (red) N
and y (green), obtained from the complete, non-
linear equations, and also x; (red) and y; (violet) '
from the linearized model. The performanceis as

fast as before, reaching the steady state in about
0.16s, but the curves x and y show a little over-
shoot. In the previous case, the non-linear (x, y)
and the linear (xj,y;) curves were almost com-
pletely coincident, but now a noticeable difference

exists between them. "

twﬁa (s)
5. Conclusions

In the Sym4 world CF devices work as good as UF ones. It was expected that the same would happen in Sym3 with
06 and 03 poles, but a lot of CF cases have been studied with disappointing results because of linearization issues. It
appeared that this geometry could not exist in the real world. The Type C case shown in section 4 proved that Sym3 CF
structures can exist, and this is a good thing, but are they good? can they be compared to Sym3 and Sym4 UF?

The last simulations show that Type C performance is as fast as in the cases in section 3, but with a small overshoot. A
remarkable fact is the non-negligible difference between the displacements obtained from the real and linearized models.
These curves were practically the same in the previous simulations for Sym4 and Sym3 UF devices. This is a sound
evidence that the linearization problems found so many times in Sym3 UF devices are something that deserves more
research, if the idea of having Sym3 CF devices working in real-life applications is considered seriously.
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