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Abstract

This paper presents an analytical framework for modeling the air-gap magnetic field, suspension force,
and Maxwell stress tensor (MST) in bearingless permanent magnet synchronous motors (BPMSMs),
with the goal of improving both suspension performance evaluation and early-stage design efficiency.
By leveraging Schwarz—Christoffel conformal mappings, we derive closed-form solutions for the magnetic
field in the air gap without assuming infinite slot depth. The model naturally accommodates slot-depth
effects and captures spatial harmonics critical to MST and force evaluation. The analytical solution
is embedded within a multi-objective optimization loop, reducing the time of a single evaluation from
hours to under one minute. Furthermore, we propose a unified visualization method combining MST
contours, radial force fields, and error-angle loci, which enables intuitive interpretation of suspension
stability. The analytical results show strong agreement with finite element analysis (FEA), confirming
the model’s validity. The proposed method significantly reduces computational effort while maintaining
accuracy, making it suitable for design space exploration. Future work will address magnetic saturation
and rotor slotting to further enhance model fidelity.
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1. Introduction

Bearingless motors possess unique friction-free and seal-free advantages that make them superior to conven-
tional motors in applications such as compressors [1], cooling fans [2], and implantable medical devices [3]. This
manuscript focuses on the left ventricular assist device (LVAD) blood pump in implantable medical devices [4],
specifically addressing the requirements of miniaturization and high reliability.

Despite unique advantages, optimizing the design of bearingless motors for maximum performance neces-
sitates the finite element analysis. While FEA delivers high-fidelity representations of complex geometries and
magnetic material nonlinearity, its reliance on mesh generation and repeated numerical solves incurs substan-
tial computational overhead, hindering rapid design optimization. In contrast, analytical models can drastically
reduce computation time while still providing closed-form insights into how design parameters affect machine
performance. Among these, conformal mapping techniques stand out for their ability to transform complex slot
and pole geometries into simpler canonical domains, where boundary value problems admit quasi-analytical
solutions.

Zhu et al. [5] first introduce a permeance function of the airgap to derive magnetic reluctance distributions
with considering the slotted stator. Zarko et al. [6] extended this framework by formulating a complex-reluctance
approach for more general slot shapes. The development of the Schwarz—Christoffel Toolbox by and subsequent
work by Tobin A. Driscoll [7] further automated polygonal mapping procedures. Conformal mapping has since
been successfully applied to surface-mounted permanent-magnet (SPM) motors, flux-reserve bearing designs,
and a variety of other rotating-field devices.




In this work, we adapt the conformal mapping paradigm specifically to bearingless motors. Our contribu-
tions are threefold:

By formulating the mapping directly in the air gap cross section, our method dispenses with the infi-
nite-slot-depth assumption and explicitly captures how variations in slot depth modulate the magnetic field;
Embedding the analytical model within a multi-objective optimization framework compresses single-point eval-
uation times from hours to under one minute, facilitating rapid design exploration; We propose a unified
visualization scheme—combining Maxwell stress tensor contours, radial suspension force fields, and error angle
calculation—that enables designers to immediately assess stability and control trade-offs.

By integrating these advances, our framework offers a fast, accurate, and interpretable tool for the early-stage
optimization of bearingless machines.

2. Conformal Mapping for Chosen Motor

This section presents the conformal mapping approach. For slotless machines, the air gap flux density
distribution has been extensively studied under simple boundary conditions [8]. Once stator or rotor slots are
introduced, however, the air gap geometry becomes nonconcentric and the resulting boundary-value problem
grows highly complex. In the analytical modeling of bearingless motors, where slotting effects must be accounted
for. This complexity makes conformal mapping indispensable.

Conformal mapping is a technique from complex analysis that carries a complex polygonal domain into a
simpler canonical region via an analytic, angle-preserving, and invertible function. By exploiting this property,
we can transform the original slotted air gap cross-section into a slotless rectangle or a circular annulus, reducing
the problem to solving Laplace’s equation in a regular geometry.

For bearingless machines, we are primarily concerned with the suspension force and the performance of
the Maxwell stress tensor in the air-gap magnetic field. Therefore, we focus on the field distribution along the
middle of the air gap, which is a source-free region where the governing equation reduces to Laplace’s equation.

When evaluating the magnetic flux density along the air-gap midline, most higher-order harmonics gener-
ated by currents inside the slots are largely filtered out. Consequently, the dominant contributor of the Maxwell
stress tensor in the air gap is the stator surface current density, which can be accessed to derive the Maxwell
stress tensor. The deviation of the MST depends on the exponential transformation, which transfers a cylinder
region into a square area, enabling an analytic solution of the MST. However, in the presence of slotted stators
or rotors, the air gap region becomes doubly connected, and the cylinder assumption of the air gap is destroyed.
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Fig. 1: Basic mapping procedure from an example motor.

To derive an analytic solution, we perform the following sequence of transformations on the machine’s air
gap domain:

Assuming that the origin motor cross-section as the T plane, we adopted the three conformal mapping
method below in sequence to map the slotted motor in T plane into the slotless motor in K plane.

n=l a;— e
Y=mT, Z=zg+c[ [[(v-1)" " dv, K=eFED (1)
Oj:1

where T, Y, Z, K are complex variables in their plane, Y; and a; are vertixes and interior angles at the vertices,
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70 is a constant to move the transformed rectangular to the positive half plane in Z plane, E, F are the length
and width of the rectangle, respectively, ¢ denotes the constant of the Schwarz—Christoffel transformation.

Fig. 1 shows the mapping procedure for the chosen motor. For the mappings under consideration, the
logarithmic transform, the Schwarz—Christoffel transform, and the exponential transform respectively, all are
conformal and invertible.

2.1. Logarithmic Mapping

Y=InT (2)

Eq. 2 maps the original motor geometry in the T plane to a slotted rectangle in the Y plane. Note that if
both stator and rotor feature slots, we apply the same simplification: a current density distribution along the
slot openings, with slot depth set equal to that of the original machine.

2.2. Schwarz-Christoffel Mapping

Z=ZO+CfZ:nl:[i(Y—Yj)a/_l dy (3)
i

Eq. 3 transforms the slotted rectangle in the Y plane into a slotless rectangle in the Z plane. This step
greatly simplifies the computation [9] and adjusts the relative positions of stator and rotor.

2.3. Exponential Mapping

K =e7(Z%) (4)

Eq. 4 converts the slotless rectangle in the Z plane into a slotless circular annulus in the K plane. Care
must be taken here to map the stator and rotor back to their original relative positions.

2.4. Transformation for potential function and density function
We take the line current density distributed on the stator and rotor in the T plane as the excitation for
the air gap field. Our line source possesses the following characteristics:

Jr = Ky(@) - o1(r, @)
Jk = Kx(@) - 5x(r, @) - | f/(T)]

where r, @ denote the radial and angular coordinates in the complex plane (i.e., the polar-coordinate variables);
f(T) is the conformal mapping function that carries points from the T plane into the K plane; J represents
the strength (or magnitude) of each line source; K(-) is the spatial distribution function of those line sources;
A is the scalar potential function whose gradient yields the magnetic field; 6(r, @) is a two-dimensional impulse
function in a certain plane.

Through the propoerties of the coonformal mapping, it is then straightforward to derive that the resulting
magnetic potential function exhibits these properties:

2 _ 1 2
VA (T) = s VA (K)
V2A1 (T) = —poK 61 (@) (5)

= ViAk (K) = =K 0k (@) - |f' (T)|

where A denotes the potential function, uy is the vacuum permeability. Also the magnetic field B in K plane
satisfies Eq. 6.

B
[ nkK (6)

BnT :|
Bk

}=If’(T)I[ B
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3. Air Gap Flux Density
3.1. Assumptions
Without losing the physical properties, we first make the following assumptions:
e The iron core has infinite permeability and the permanent magnets have permeability same as air;
e All magnetic materials behave linearly;
e Adopt the simplier stator and rotor geometries.

3.2. The field excited by PM
The equivalent circuit excited by PM can be obtained as [10]:

M, = Z M, sin (nP (a-0))

n=135...
4B, . nm . nna
M, = n — sin —
il si > si > (7)

Jpm (@) = )] z-’; sin (na — O)

n

where
+1 - -1 -
b, =k, - (R;lml _ ”P%Rznpern L W%R’ln np)

' _{ ~8M nrnp =1 ®)
L=

M,
’(‘,‘l’;ﬁ_l .np # 1

In the above expressions, M, denotes the permanent-magnet magnetization function, where M,, is its am-
plitude of the n-th harmonic; R,, R, and R, are the rotor iron outer radius, the permanent magnet (PM) outer
radius, and the stator-inner radius, respectively; p is the number of pole pairs of PMs.

Apply the conformal mapping mentioned in Section 2, we can transform the linear current source into a
slotless plane as Fig. 8. The magnetic potential function in the air gap satisfies the governing equation in the

form of Lapalace equation. The governing equation and the boundary condition in the slotless plane are given
by:

VZA=0
0Apm 0Apm 9)
—— | _x=totem, —— | _x=0
or g = HoJom o =

where the superscript K denotes the corresponding plane of the physical quantity, A denotes the magnetic vector
potential [11].

Here, the current density function Jpy holds the Eq. 5, which means that the current density in T plane
can be transformed to K plane through the series of conformal mapping;:

I = I I (D] (10)

By applying the method of separation of variables, one can derive closed-form expressions for the radial
and tangential components of the magnetic flux density in the slotless region as follows:

,,.n—l +R2nr—n—l
B = Y pro———3
nPM ;#OR:}—] _ R%nR;n—l

rn—l _ Rgnr—n—l
B — - s
PM ;ﬂo R’,"l — R%" R,‘”‘1

(JpM cos Sin (n@) — Jpmssin €OS (na))
(JpM sin SIN (n@) + JpMcos COS (na))

From equation 6 and 1, we can obtain the flux density distribution in the primary plane.
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3.3. The field excited by stator coil
We take the stator torque winding magnetomotive force (MMF) as an example to describe the calculation
procedure of the stator winding. Given ¥ as the stator winding function of the example motor, then we have:

T
Js = Do R, -6(r, @) (12)

where by is the slot open length of the stator.

By treating the current density distributed on the stator surface as the source of the air gap field, we obtain
the stator current density expression corresponding to the MMF as above. By then applying the conformal
mapping introduced in Section 2, this current density distribution can be mapped into the slotless plane.

When calculating the air-gap magnetic field distribution of the torque windings, the rotor surface is assumed
to have zero surface current distribution, while the stator surface current density distribution is determined using
MMF calculations. Under these conditions, the air gap potential function satisfies the governing equation in
the form of Lapalace equation.

VXVxA=0
0A « OA (13)
E |,:R§<=ﬂ0~] s % |,:RrK= 0
where the superscript K denotes the corresponding plane of the physical quantity, A denotes the magnetic vector
potential.

Here, the current density function JX holds the Eq. 5, which means that the current density in T plane
can be transformed to K plane through the series of conformal mapping

TN =TI (D) (14)

By applying the method of separation of variables, one can derive closed-form expressions for the radial
and tangential components of the magnetic flux density in the slotless region as follows:

B Z rn—l +R%nr—n—l
nw = ﬂoﬁ
xRy —RRS"

B Z rn—l _ R%nr—n—l
tw = MO T ool
R - R

(JPM cos SIN (n@) — Jpm;sin COS (n))
(15)

(JpM sin SIN (n@) + JpM cos COS (n))

From equation 6 and 1, we can obtain the flux density distribution in the primary plane.

3.4. Force performance
Based on the above process, we can obtain the air gap magnetic flux density. The MST and suspension
force of the motor are given by [3]

Tt anBz
Ho (16)
F. s - 2dS
F, s -3ds
As for the bearingless permanent magnet synchronous motor, we can simplify the Eq. 16 into more detailed
form:
1
F,=0sVg 5 o8 [po — O] + o5 Vr— cos [¢o — O]
pS e r
1 1
Fy = o5 Vg—ssin [60 — O + s Vi—sin[¢o - 6], (17)
BmAAS
os = .
)

where B,,, Ag are amplitude of the magnetic and eletrical loading, respectively, Vi is the rotor volumn, p;
denotes the pole-pairs of the suspension winding, r presents the airgap radius, @ is the rotor position, ¢y is the
phase of suspension winding, which can be regarded as the force angle of the suspension winding.
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4. Result

To validate the proposed analytical framework, a bearingless permanent-magnet synchronous machine
(BPMSM) was selected as the test case. Its key geometric and electromagnetic parameters are summarized
in Table 1. Figures 3a-5a compare the air gap flux density distributions computed by the analytical model
against those obtained from finite element analysis. The close agreement across all machine regions confirms
the accuracy of the conformal mapping approach.

Table 1: Parameters of the chosen motor

Parameters Symbol Design values
Number of stator slots O 24
Number of rotor poles(PMs) )4 8
Pole number of suspension winding Ds 10
Inner radius of stator R, 26 mm
Outer radius of rotor R, 20 mm
Outer radius of PMs Rpym 24 mm
PM arc angle apm 45 degree
Length of the inner air gap g 2 mm
Stack length Loy 15 mm
PM remanent flux density Biem 12T

For bearingless motor, we adopt the dual-purpose no voltage winding (DPNV) [12], the current connection
diagram is below:

Z"l’u,
Zmu . ! ! |
- 2 + Ty | L' |
1
|
] [ E [ g
0.5236 1.0472 1.5708  2.0944 26180 3.1416 3.6652 4.1888 47124 52360 57596 6.2832
. . Mechanical position [rad]
Uy Unw
1 | ‘ BB i — | ‘ |
by | by | T ’ l
2 + % 2 + i o a2 1ss 2004 s a7 y 6 6
(a)

Fig. 2: The configuration of dual-purpose no voltage winidng (a) and the MMF produced by the winding (b).

In this circuit, the magnitude of torque and suspension winding current is set as:
i = 1A, iy = Ty = —0.5A (18)

i = 0.2A, 05 = iy = —0.05A (19)

Therefore we can obtain the flux density in the air gap, compared with the FEA results in Fig. 3-5.

From these results, we observe that, aside from minor discrepancies in the magnetic field at a few individual
stator teeth, the flux density closely matches the FEA predictions.

Fig. 6 shows the variation in the density function before and after the conformal mapping. As can be
seen, the density function exhibits more pronounced magnetic field distortion at the slot openings after the
transformation, while the overall distribution remains essentially unchanged.

©2025 The Japan Society of Mechanical Engineer_




0.8

0.6

0.4

0.2

0.0

Brew [T]

+ FEAResults
—— Comformal Mapping Results

stator Angle [rads]

(a)

Been [T]

0.4

03

02

01

0.0

& FEAResults

— Comformal Mapping Results k& F4

-

hgg 25 JE I ey

ot L

o4

3
stator Angle [rads]

(b)

Fig. 3: The normal (a) and tangential (b) component of the air gap flux density excited by permanent magnet.
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Fig. 5: The normal (a) and tangential (b) component of the air gap flux density excited by suspension widning.

Then we set the suspension current pahse to 45°, the Maxwell stress tensor and the suspension force along

the air gap

is shown in Fig. 7 and Fig. 8.

In these figures, the suspension force error angle is defined as the actual angle of the suspension force and the
desired suspension force. Through the figures it can be observed that the suspension force contains substantial
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Fig. 7: Air gap MST and suspension force distribution under field calculated by proposed method.
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Fig. 8: Air gap MST and suspension force distribution under the fundamental harmonic field (p = 4).
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higher-order harmonic components along the air gap. Compared to the pure fundamental component, when the
measured suspension-force profile more closely approximates the ideal circular distribution of the fundamental
(i-e., exhibits low harmonic distortion), the machine is more likely to achieve superior suspension performance.
In other words, a smaller error angle, corresponds to a more uniform, stable suspension force.

Furthermore, when computing the air gap magnetic field distribution, the suspension force profile, and
the Maxwell stress tensor along the gap, the computational burden of a FEA scales directly with the size and
sparsity of the mesh generated system matrices. In contrast, in our analytical approach the dominant cost
lies in evaluating the Schwarz—Christoffel mapping. Crucially, for a rotor without slots—meaning the machine’s
reluctance profile does not change with angular position—the Schwarz—Christoffel mapping coefficients need only
be computed once for all rotor angles. Even in the case of a doubly-salient machine, the Schwarz—Christoffel
mapping coefficients for any given rotor position need only be computed once. Subsequent field and force
calculations then reuse that single mapping, delivering a dramatic reduction in compute time compared to
FEA, where one must rebuild and solve a new mesh at each angular increment.

5. Conclusion

This paper develops an efficient analytical framework for air gap field, suspension force, and Maxwell stress
tensor computations in bearingless machines by leveraging Schwarz—Christoffel conformal mappings. Although
this modeling approach relies on several simplifying assumptions, it has been shown to agree closely with FEA
results while drastically reducing evaluation time. We have also introduced new visualization techniques for
suspension forces and Maxwell stress tensor distributions.

Our next step is to integrate these analytical and visualization tools with existing performance metrics into
a unified framework for assessing bearingless motor suspension performance. Going forward, we will extend the
model to include magnetic saturation effects and to quantify how slotting further modulates both the suspension
forces and the air gap field.
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