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Abstract

A superconducting magnetic levitation system is susceptible to the sudden onset of large amplitude oscillations
due to low damping and nonlinear magnetic forces, leading to transitions from stable to unstable states.
Furthermore, the eigenfrequency of the levitated body can change with variations in mass or cooling position,
highlighting the critical need for accurate identification of parameter conditions that occur resonance. Numerical
calculation based on modeling faces challenges in achieving high prediction accuracy because analytical
representations of magnetic forces deviate from actual forces. To address these limitations, recent advancements
have introduced a data-driven approach, based on bifurcation theory, for predicting resonance in nonlinear
systems. This method does not require system modeling. It enables accurate resonance prediction by analyzing
changes in damping and angular frequency values, which are derived from response measurements under
perturbation as the system approaches a resonant state. In this study, this data-driven approach was applied to
superconducting magnetic levitation systems and specifically extended to auto-parametric resonances, which
involve the transfer of vibration energy between degrees of freedom. We investigated how excitation amplitude
influenced the prediction accuracy of this methodology through a stability analysis of the solutions of the
equations of motion, utilizing the method of multiple scales. As a result, we confirmed that increasing the
excitation amplitude accelerates the decrease in the frequency component of the perturbation as the excitation
frequency approaches the resonance band. Nevertheless, since the tendency for the frequency component
difference of the perturbation to decrease is observed even when the excitation amplitude changes, we
theoretically demonstrated that this index remains effective for resonance prediction.

Keywords : Superconducting magnetic levitation, Nonlinear resonance, Auto-parametric resonance, Method of
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1. Introduction

A superconducting magnetic levitation system utilizes the pinning effect of superconducting bulks to magnetically
levitate permanent magnets. This contactless system is free from friction and can achieve stable levitation without control.
This system has potential for various applications, including high-speed transportation and flywheels. However, due to
the low damping inherent in non-contact support, the large resonance amplitudes pose a significant challenge to practical
applications (Hull, 2000). Furthermore, the eigenfrequency of the levitated body varies with slight changes in mass or
cooling position, making it crucial to accurately identify the parameter conditions that induce resonance. Despite this
critical need, achieving highly accurate predictions based on system modeling is challenging since the analytical
representation of magnetic forces deviates from actual forces (Sugiura and Uematsu, 2000).

Recently, data-driven methods based on bifurcation theory have emerged for predicting resonance in nonlinear
systems, relying on response measurements from perturbation instead of modeling (Shiyang and Epureanu, 2018).




Bifurcation is a qualitative change in the state of a system when the parameters governing the system are changed.
Focusing on the response displacement when a perturbation is applied to the system, the tendency of changes in damping
and angular frequency values as the system approaches the resonance is used to predict resonance.

In this study, we apply this approach to auto-parametric resonance, a type of nonlinear resonance in superconducting
magnetic levitation systems in which vibration energy is transferred between degrees of freedom. We investigate the
influence of the excitation amplitude on this prediction by a stability analysis of the solution of the equations of motion
based on the method of multiple scales (Nayfeh and Mook, 2004).

2. Analytical model and equations of motion

The analytical model is shown in Fig. 1. A rigid body with permanent magnets at both ends is magnetically levitated
by Superconducting bulks after field cooling. The system receives harmonic vibration in the vertical direction from a
shaker table. The magnetic force acting on the rigid body is analytically expressed using the frozen mirror image method
(Kordyuk, 1998). The coordinate system is defined with the z-axis as the vertical direction and the x-axis as the horizontal
direction. The origin is set at the static equilibrium point of the levitated body after field cooling. The nondimensional
equations of motion in this analytical model are derived as follows, through Taylor expansion of the magnetic forces
from the superconductors up to the third order terms:

Z4 U7+ Z— 2% — Ay X% + AppyZ3 + Uy x?z = bv? cos vt (1)
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where p are damping coefficients, a are coefficients of the Taylor expansion, b is the excitation amplitude, v is the
excitation angular frequency, and w, is the nondimensional angular eigenfrequency of the rigid body in the x-direction.
Equations (1) and (2) show that the motions in the x and z directions are coupled through nonlinear terms. Therefore,
even though the rigid body is forced to vibrate in the z-direction, it can resonate in the x-direction. This phenomenon is
known as auto-parametric resonance, a type of nonlinear resonance where a stable equilibrium or periodic solution loses
its stability and branches into new unstable oscillatory states. This resonance involves the transfer of vibrational energy
between different degrees of freedom. The nonlinear characteristics of these equations of motion lead to the occurrence
of this resonance only under specific conditions of eigenfrequency and excitation frequency.

The frequency response curves and the neutral curve discussed in this section are obtained through the method of
multiple scales, which is presented in the next chapter. Figures 2 and 3 show the frequency response curves of the steady-
state amplitudes of displacement in the z-direction and in the x-direction, respectively, with w, setto 0.50 (i.e., the ratio
of the vertical to horizontal eigenfrequency is 2 to 1). These figures demonstrate that auto-parametric resonance occurs
only within a specific range of excitation frequencies and that its onset can be sudden.

In contrast, Fig. 4 shows the neutral curve in a plane with the excitation angular frequency v and the excitation
amplitude b as the two axes. This curve represents the boundary where the semi-trivial solution (the solution with no
horizontal oscillation, x = 0) transitions from a stable to an unstable state, indicating the threshold for resonance
occurrence. From this neutral curve, it can be seen that a larger excitation amplitude b leads to a wider frequency band
in which resonance occurs.

3. The method of multiple scales

While exact analytical solutions for Eq. (1) and (2) cannot be obtained, approximate solutions can be derived. The
method used for this purpose is the method of multiple scales, a type of perturbation method. The method of multiple sc-
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Fig. 1 Analytical model of the system.

© 2025 The Japan Society of Mechanical Engineers




* N ——b=00l /
N I oa —b=0.02 //
0.8 \ N ——b=0.03 /
\ 1 —_— /
. : \\ stable /
\ I 4>, v |7~ —unstable] /

1
1
1

Nondimensional amplitude of z [-]

0.9 095 1 1.05 1.1
Nondimensional excitation angular frequency 2 [-]
Fig. 2 Frequency response of amplitude of z(¢)
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Fig.3 Frequency response of amplitude of x(t)
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ales is a perturbation technique that introduces multiple time scales to analyze nonlinear oscillatory systems, enabling
the derivation of approximate solutions and the examination of their stability. By analyzing the stability of the semi-
trivial solution (x = 0), we investigate the changes in damping and angular frequency characteristics of the perturbation
response displacement. For the displacements z and x, we perform a perturbation expansion as follows:

z(t) = €z, + €%z, + €325 + - 3)
x(t) = ex; + €2x, + €3x3 + - (4)

Next, multiple time scales t,, t;, t, and their corresponding differential operators are defined as follows:
t =ty et =t €2t =t,
d d 2

5]
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The dimensionless parameters are ordered as follows:
= €210, thy = €2y, Ay = €Ty Uy = E€qpgy, Ay = EMny) Ay = €20nnmy Ay = Eqnng b = €2b (6)
I‘lZ - :u'Z’ H'x - I'lX' xx — xx»Yxzz — xzz»Yxz — xXzZ)» Y xxx T XXX Y xXxz T XXZ -

The other parameters are assumed to be of O(1). Substituting Eq. (3) to (6) into Eq. (1) and (2), we derive the
balance equations for each order of e:

Order €' :
Dz, +2z, =0 (7)
Déx; + w?x; =0 (8)

Order €2 :
D2z, + z, = —2DyD, z, + a,,z? + bv? cos vt, 9)
Déx, + w2x, = —2DyD;x; (10)

Order €3 :
Déz; + z3 = —D?z; — 2DyDyz, — Doli;z, — Qypyzd — 2DgD1Zy + 20,7125 + QppX? (11)
D§xs + wix; = —Dfxy — 2DyDyx; — Do, %1 — 2Dg Dy X, + @y 24 (12)

The general solutions z; and x; for Eq. (7) and (8) are obtained using complex amplitudes A and B, which are
independent of time t,. Here, c.c. denotes the complex conjugate.

z; = A(ty, ty, et + c.c. (13)
x; = B(ty, t,, - )ei®xto 4+ c.c. (14)
These are the first-order approximate solutions. Next, Eq. (13) and (14) are substituted into Eq. (9) and (10). In the

subsequent equations, NST denotes non-secular terms, which are terms that do not lead to unbounded growth in the
solution.

) . bv? |
D¢z, + z, = —2iD;Ae'*o + Te”’to + NST + c.c. (15)

DZx, + w?x, = —2iw,D;Be'®x% + c.c. (16)
Here, the detuning parameters ¢ and p are defined as follows to investigate the condition of resonance occurrence.

o represents the detuning related to the excitation angular frequency, while p represents the detuning of angular
eigenfrequency in z-direction from twice the angular eigenfrequency in x-direction.

c=1+0=1+¢€% 17

20, =1+p=1+¢€%p (18)

The values of secular terms must be suppressed to zero to avoid unbounded solutions in the differential equations.

By introducing these detuning parameters, the conditions for eliminating secular terms in Eq. (15) and (16) are obtained:

bv?
DlA = —lTe 2 (19)

D:B=0 (20)

Consequently, z, and x, are obtained. Substituting them into Eq. (9) and (10), and by similarly applying the
secular term elimination condition, we obtain the following expressions:

D,A =K A+ iKy,|AIPA + Kzei%t2 + iK,,B?e'0t2 (21)
DZB = KZIB + i@zAEe—iﬁfz (22)

Here, K are coefficients introduced for simplification. To solve Eq. (21) and (22), complex amplitudes A and B
are expressed using real variables A4,, A;, B, and B;, as follows:

A(ty) = (A + i4))e'0t (23)

-
t

B(ty) = (B, + iBe 2 '2 (24)

Substituting Eq. (23) and (24) into Eq. (21) and (22), we derive the identities for the real and imaginary parts. At this
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stage, the hat notation is removed based on the order evaluation of each parameter.

AL = Ky A, + [0 — Kgp (A2 + AD]A; + Ko + Kuu B, B; (25)
Ap = [~0 + Koo (A7 + AD]A, + Ka1 Ai = Kaa(B? — BY) (26)
, o—p
B} = Kp1 By +—— By + (AB; — AiB:) Ky, @7
,_ 9P
Bj = ——5— B + KBi + (A,B, — A;B)Kp, (28)

Regarding Eq. (25) to (28), in order to consider the time history when a perturbation is applied in the x-direction to
the semi-trivial solution, B, and B; are expressed using their steady-state amplitudes B,, and B;, and small
perturbations b, and b; as follows:

Br = BrO + br (29)
Bi = BiO + bi (30)

Here, the semi-trivial solution is that the steady amplitude in the x-direction is 0; therefore, B,y = B;y = 0.
Substituting these into Eq. (27) and (28) and expressing them in matrix form. To obtain a tractable analytical solution
for the stability analysis, third-order and higher perturbation terms are neglected.

og—p
Ky — AiKyp, —— + 4,Kp;

bi] _ 2 b,
hj‘ a—p &) (31)
o + A Ky,  Kpy + AiKp,

From Eq. (31), b, and b; can be expressed as follows, utilizing the eigenvalues A; and A, of the matrix and
constants Cq, Cry, C;; and Cjy:

b, = C, e’ + C,,e’2t (32)
bi = Cilellt + Cizelzt (33)

By substituting these into Eq. (24) and subsequently into Eq. (14), the horizontal displacement under small
perturbation is obtained as a linear sum of two component waveforms, as follows:

x(t) = CppeReAt cos{[Im(A,) + wy ]t + ¢} + CrreReUt cos{[Im(A,) + w, ]t + ¢,} (34)
1 (v—1)2 1 (v—1)2
/11=_§“x+\/A§axz_T' AZ=_EHx_\/A%axZ_T

where A, is the vibration amplitude of semi-trivial solution of z(t). It can be seen that the real part of A1 represents the
exponential decay constant of the horizontal displacement under small perturbation, and the imaginary part represents
the angular frequency.

The exponential decay constant and the angular frequency of the horizontal displacement x(t) under small
perturbations for several excitation amplitude conditions are shown in Fig. 5 and 6, respectively. As the excitation angular
frequency approaches the resonance band, the difference between the two frequencies decreases (Band I). When this
difference reaches zero, damping decreases (Band II), and as the exponent turns positive, resonance occurs (Band III).
Due to the low damping characteristics of the superconducting magnetic levitation system, the width of Band II is narrow,
meaning that changes in the exponential part are small, making it difficult to predict resonance based on this. On the
other hand, in Band I, it is feasible to predict resonance using the difference between the two angular frequencies.
Increasing the excitation amplitude widens the resonance bandwidth, and it can be seen that the rate at which the
difference between the two frequencies decreases becomes faster as the excitation frequency approaches the resonance
band. Nevertheless, in Band I, which lies outside the resonance region on both the lower and higher frequency sides, the
frequency difference continues to decrease as the excitation frequency gets closer to the resonance band. This consistent
tendency suggests that resonance prediction remains feasible using this approach.

© 2025 The Japan Society of Mechanical Engineers




Exponential part [-]

.04
0.94 096 0.98 1 1.02  1.04 1.06
Nondimensional excitation angular frequency 2 [-]

Fig. 5 Dependence of exponential decay constant of horizontal displacement x(t)
under small perturbations on vertical excitation frequency v for different vertical excitation amplitudes b.
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Fig. 6 Dependence of angular frequency of horizontal displacement x(t)
under small perturbations on vertical excitation frequency v for different vertical excitation amplitudes b.

4. Conclusion

This study investigated how changing the excitation amplitude affects the prediction of resonance occurrence in a
superconducting magnetic levitation system by using the method of multiple scales. It was shown that increasing the
excitation amplitude expands the resonance bandwidth. Moreover, it was confirmed that increasing the excitation
amplitude accelerates the decrease in the difference between the two frequencies of the perturbation as the excitation
frequency approaches the resonance band. Nevertheless, since the tendency for the frequency difference of the
perturbation to decrease is observed even when the excitation amplitude changes, this study theoretically demonstrated
that this index remains effective for resonance prediction.
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