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Abstract

Active magnetic bearings offer contactless support for rotor systems, making them increasingly popular in high-
speed rotating machinery. However, when the rotor is connected to the motor through mechanical couplings,
misalignment caused by manufacturing defects, assembly errors, or prolonged wear can introduce asymmetric
excitation forces that degrade the system's dynamic performance. Existing studies often rely on idealized
coupling models, fail to adequately explain experimentally observed odd—order harmonics, and lack methods for
predicting the safety threshold of coupling misalignment, thereby limiting their practical value in accurately
modeling rotor system dynamics and supporting engineering applications. This study investigates the dynamic
behavior of an active magnetic bearings—rotor system subject to coupling misalignment. A nonlinear, time-
varying stiffness model is developed by identifying harmonic components and stiffness characteristics from both
simulations and experimental data. Unlike existing approaches that rely on idealized coupling assumptions, the
proposed model incorporates realistic structural parameters and explains the occurrence of both even— and odd—
order harmonic responses observed in practice. Based on the model, time— and frequency—domain analyses are
performed under different misalignment conditions to evaluate vibration behavior and stability. Moreover, the
study quantifies threshold ranges for parallel and angular misalignment under both critical and rated speeds,
offering engineering guidance for safe operation. These findings offer valuable insights into the vibration
mechanisms of active magnetic bearings—rotor systems with coupling misalignment and establish a foundation
for condition monitoring and fault diagnosis.
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1. Introduction

Active Magnetic Bearings (AMBs) are increasingly used in rotor systems due to their ability to support rotors without
mechanical contact, thus reducing wear and maintenance needs. In systems where the motor and rotor are connected by
a coupling, power is transferred from the motor to the rotor supported by AMBs. However, misalignment between the
drive shaft and the driven shaft, often resulting from manufacturing defects, assembly inaccuracies, or interface friction,
can induce asymmetric forces within the AMBs-rotor system. These forces may provoke abnormal dynamic behaviors,
including elevated vibrations, reduced stability, mechanical failures, and even critical safety failures under extreme
operating conditions (Rangavajhala et al., 2019a and Yao et al., 2022a). Therefore, investigating the impact of coupling
misalignment on the dynamic behavior of AMBs-rotor systems holds substantial theoretical and engineering significance.

Extensive research has been conducted to examine the effects of coupling misalignment on rotor. Modeling methods
can be broadly categorized into two types: energy-based methods and geometric-force analysis methods. Kumar and
Tiwari et al. (2021a, 2022b, and 2021b) developed a mechatronic model that integrates the misalignment effects of AMBs
and protective bearings based on geometric relationships and the energy method. Ma, Tuckmantel, and other researchers
(2025, 2019b, and 2024) focused on rotor systems supported by traditional mechanical bearings. Ma et al. (2025) derived
the deformation of the flexible coupling and the parallel misalignment force based on the relationship between force and
geometry. They observed that increasing the coupling’s parallel misalignment or stiffness leads to greater vibration
amplitudes and an enlarged disc-shaft gap. Under stable operating speeds, this exacerbates minor collisions and enhances
fault frequency components such as 3fr and 4fr. At higher speeds, these effects result in more complex vibration




behaviors. To analyze the effects of misalignment in flexible couplings, Tuckmantel et al. (2019b) initially employed a
geometric and force-based approach to model the forces and moments induced by misalignment. Subsequently, they used
a finite element method to simulate variations in shaft rotation angles, capturing the cyclic behavior of these misalignment
forces. Their analysis revealed distinct harmonic components arising from the misalignment. Liang et al. (2024) also
derived the excitation caused by parallel misalignment based on geometric-force analysis, and concluded that coupling
misalignment generates alternating meshing forces at the fundamental frequency (1x) and its harmonics (2x, 3%, 4x),
resulting in significant vibration and noise. Additionally, Redmond et al. (2010) employed the energy method to model
coupling misalignment in a traditional mechanical bearing-rotor system, demonstrating that coupling misalignment
excites the system's 2x and 4x frequencies. The resulting alternating forces alter bearing loads and may accelerate fatigue
failure.

Most existing studies have focused on misalignment modeling using energy-based and geometric-force analysis
methods. However, such models still exhibit the following limitations:

(1) Existing models excessively rely on idealized representations of coupling configurations, without incorporating
the actual structural parameters of typical couplings such as bellows, diaphragm, and crowned gear types. This
simplification leads to inaccuracies in predicting both stiffness characteristics and harmonic components.

(2) Most current models focus on even-order harmonics (e.g., 2% and 4x) associated with misalignment, yet fail to
explain the presence of odd-order harmonics (e.g., 1% and 3x) frequently observed in experimental data. These odd
harmonics, induced by coupling misalignment, are physically plausible and experimentally verifiable.

(3) Existing approaches provide only qualitative insights into how misalignment affects vibration amplitude and
frequency, without establishing quantitative dynamic models capable of defining safety thresholds for misalignment
under critical speeds and rated operating conditions. This limitation severely restricts their practical utility in ensuring
the reliable operation of rotor systems.

To address these gaps, this study develops an AMBs-rotor model with coupling misalignment. A time-varying
nonlinear stiffness model is constructed by identifying coupling stiffness and harmonic terms from simulation and
experiments, offering physical interpretability beyond idealized assumptions. Based on this model, the time- and
frequency-domain response characteristics under different misalignment cases, along with the critical threshold ranges
at both the critical and rated speeds, are analyzed.

2. Modelling
2.1 Coupling modelling

As shown in Fig. 1, the AMBs-rotor system is composed of a motor, a coupling, a rotor, and two magnetic bearings.
The coupling is used to connect the motor shaft and the rotor shaft.
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Fig. 1 Schematic diagram of an AMBs-rotor system.

Manufacturing errors, assembly mistakes, and operational deformations can cause misalignment, including parallel
(9), angular (3), or combined misalignment (6 and 9), as shown in Fig. 2. This misalignment introduces periodic loads
that impact the rotor’s dynamic behavior.
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(a) Ideal status (b) Parallel misalignment 0 (c) Angular misalignment 3 (d) Combined misalignment J, $
Fig. 2 Schematic diagram of ideal and misaligned states of the coupling.
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The coupling is modeled as a massless elastic element that can transmit both translational and rotational loads, with
equivalent stiffnesses in the x, y, 6,, and 6, directions denoted as k,, ky, kex and kgy , respectively.
Let(xm, Vs O Qym) and (xr, Viy O Hyr) represent the generalized coordinates at the motor-coupling and coupling-
rotor junctions. The relative displacements between the motor and rotor sides of the coupling are defined as:

Ax = (x, — x,) + 6cos(wt + @5)

Ay = (yr — Ym) + Ssin(wt + @5) .
A8, = (65, — O, )+ Icos(wt + @) (M
A8, = (6,, — 6,, ) + Isin(wt + ¢y)

where w is the rotational speed, t is time, and ¢@s and ¢, represent the phase angles of the parallel and angular
misalignments, respectively. The deformation energy of the coupling can thus be written as:

1 1 1 1
VC = EkxAXZ + EkyAyz + Eknge)? + EkgyAQJ% (2)

To account for the periodic variation in coupling stiffness caused by structural asymmetry, assembly errors, and
material fatigue, the coupling stiffness is assumed to vary periodically with the rotor's rotational frequency and its
harmonics. Using a truncated Fourier series, the time-varying stiffnesses are modeled as:

ky = ky [1+ X0-1 a, cos(nwt)]

ky = ky [1+ Y31 b, cos(nwt)]

ke, = ko, [1+ YN ¢, cos(nwt)] )
Ufey = ko, [1+ yN_. d, cos(nwt)]

where (Kx,, kx, Ko, Ko, ) represent the average stiffness of the coupling in the translational and rotational directions,
reflecting its static characteristics. (ay, by, ¢,, d,) are the harmonic coefficients in the translational and rotational
directions. N is the order of harmonic. By substituting the Egs. (1) and (2) into the deformation energy, the coupling’s
potential energy V. is obtained. Given that the coupling is assumed to be massless, its Lagrangian reduces to L = —V,.
Applying the Lagrange equations then yields the misalignment-induced generalized force vector Qy =
{Fe By, Fo, . Feyr} acting on the rotor side:

F, =k [1+ YN_a, cos(nwt)][(x, — x,,) + Scos(wt + @g)]
), = ky, [1 4+ X81 by cos(mot) ][y — ) + Ssin(wt + @4)]
Fg, = kng[l + YN ¢, cos(nwt)][(@xr — me) + 9cos(wt + (pg)] )

Fg, = kgyo[l + YN . d, cos(nwt)][(eyr - Gym) + Isin(wt + (pg)]

2.2 Electromechanical model of the AMB-rotor system with coupling
The dynamic model of the AMB-rotor system with coupling misalignment is expressed as:

Mg(t) + (€ + Q6)q(t) + Kq(t) = TyQu(t) + TaF4(t) + TyFy(t) )
where M, C, G, K are the mass, damping, gyroscopic, and stiffness matrices of the rotor and q represents the
generalized coordinates of the rotor. Ty, T4,and Ty are transformation matrices for coupling misalignment force Qyy,
magnetic bearing force F4, and unbalance force Fy, respectively. The unbalance force is modeled as:

Fy =mr-e/%u (6)

where m is the unbalance mass, r is eccentricity, and ¢,, is the initial phase of the unbalance.

The electromagnetic force from the AMBs is linearized as:

Fy= _ksqs + kiia (7
where k; and k; are the displacement and current stiffnesses, and g is the translational displacement vector at the
AMB actuator locations, and the control current i, is derived from a closed-loop system that includes the sensor,
controller, and amplifier models.

fo = 22 (1, ) = G, ()G () oty — Gy()q] ®
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where Gg(s), G,(s), and G.(s) denote the transfer functions of the displacement sensor, power amplifier, and
controller, respectively, and are given by:
Gs(s) = ks
Gu(s) = ky———

@ Tos+1Tps+1 ©)

= Ki , _Kps
G.(s) =Kp + -+ ——

where k; is the sensor gain, k, is the static gain of the power amplifier, T, and T, are the time constants of the
power amplifier, Kp, K;,and K are the proportional, integral, and derivative gains of the controller, respectively,
and T, is the time constant of the derivative filter. By introducing the state-space vector {¢ q}T, the differential
equation of motion Eq. (6) is transformed into the state-space form, expressed as:

{Z} - [—M‘l(K & ksTa'Ta) —M‘l(é +00) {Z} * [M'PTMT] Ot [k,-MgTAT] ot [M‘?TUT] Fu 10

3. Parameter Identification of Coupling

The static stiffness and harmonic coefficients in Eq. (5) are affected by factors like coupling type, manufacturing
tolerance, and preload, making them hard to determine accurately.
3.1 Static Stiffness

Static stiffness reflects the average stiffness of the coupling in translation and rotation. To obtain these values, finite
element simulations are performed by applying force and torque to one side of the coupling and measuring the
displacements. Figs. 3 and 4 show the boundary conditions and deformation results used in the simulations.
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Fig. 3 Load, constraints, and deformation results for calculating translational stiffness
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Fig. 4 Load, constraints, and deformation results for calculating rotational stiffness

The static stiffness values can be calculated based on the linear relationships between force £ and displacement A,
and between moment M and angular displacement A6 :

_ _ 5 _ 100N _ 4
key = Ky, = 7 = == 8.14 x 10*N/m an
M 100N'-m
kexo - kg}’o T a6 arctan(0.062515m/0.072m) = 139.74N - m/rad

3.2 Harmonic Coefficients

Since harmonic components in coupling stiffness are hard to obtain directly through simulations or analytical
methods, this study uses FFT to extract the amplitudes of the main and harmonic frequencies from experimental time-
domain data. These results are then compared with simulation outputs to identify the harmonic coefficients.

The time-domain displacement response is y(t), with a sampling frequency of f;. Data of length N =f, -1 is
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extracted from the time interval [¢;, t; + 1] at the i-th second, and FFT is applied:
1
X(f)=FFT{y(®}f = Ozzzfmax (12)

To eliminate the DC component, let X(0)=0. Then, the maximum amplitude of path 1 is extracted near the
fundamental frequency and each higher-order harmonic frequency, denoted as:

NFEP = max{IX(DIlfi —5 < f<fi+5hi=12, ..., M (13)

where f; denotes the frequency of the i-th order, and M represents the number of harmonic orders. By summing the
amplitudes of the fundamental and higher-order harmonic frequencies across the four channels, the overall experimental
response amplitude of the system is obtained, respectively.

NESP = Y NESP i=1,2,....,M (14)

To identify the harmonic coefficients from the experimental data, the Particle Swarm Optimization (PSO) algorithm
is employed to search and optimize the parameter vector p = {a,, b,, c,, dpn = 1,2, ... ... ,N}. The objective function
is defined to minimize the error between the simulated and experimental amplitude values in the frequency domain:

min](p) = LILi|NFF™ (p) — NF{™|
st.0=sp=1

(15)

where NF$™ denotes the simulated frequency-domain amplitude under the given parameter vector p. Optimization is
performed based on an error feedback mechanism between the simulation and experimental results. The PSO algorithm
parameters are set with a population size of 50 and a maximum of 100 iterations.

4. Numerical simulation results
4.1 Time-domain and frequency-domain responses under different misalignment conditions

Numerical simulations are conducted under four conditions, as shown in Figs. 5-8. In Case 1, with only unbalance
present, a clear fundamental frequency (1X) peak is observed without higher-order harmonics. In Case 2, parallel
misalignment causes periodic waveform modulation, significantly increasing 1X, and higher-order harmonics (2X, 3X).
In Case 3, 1X increases noticeably, with weak 2X and 3X components. In Case 4, combined misalignment leads to a
marked increase in 1X, 2X, and 3X amplitudes. Thus, both parallel and angular misalignments induce significant higher-
order harmonics and amplify the fundamental vibration, with parallel misalignment having a greater impact in this
system. Although 2X is commonly seen as the key indicator of misalignment, it is important to note that coupling
misalignment also increases 1X amplitude and excites additional higher-order harmonics.
Case 1: No misalignment, unbalance present (me = 1.25x10"*kg m)
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Fig. 5 Simulation results of Case 1 at a rotation speed of 4000 rpm: (a) Location schematic diagram of motor axis and
rotor axis (b) Time-domain response (c¢) Frequency-domain response.

Case 2: Parallel misalignment present (6 = 5x10m), no angular misalignment, unbalance present (me = 1.25x10*kg m)
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Fig. 6 Simulation results of Case 2 at a rotation speed of 4000 rpm: (a) Location schematic diagram of motor axis and

rotor axis (b) Time-domain response (c¢) Frequency-domain response.

Case 3: No parallel misalignment, angular misalignment present (4 = 1°), unbalance present (me = 1.25x10*kg-m)
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Fig. 7 Simulation results of Case 3 at a rotation speed of 4000 rpm: (a) Location schematic diagram of motor axis and

rotor axis (b) Time-domain response (c¢) Frequency-domain response.

Case 4: Parallel and angular misalignment present (6 = 5x10*#m, $ = 1°), unbalance present (me=1.25x10"*kg-m)
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Fig. 8 Simulation results of Case 4 at a rotation speed of 4000 rpm: (a) Location schematic diagram of motor axis and

rotor axis (b) Time-domain response (c) Frequency-domain response.

4.2 Critical Misalignment Threshold

Fig. 9 shows the displacement responses of Path 1 to Path 4 during the speed-up process. It can be seen that 2580
rpm (near the first rigid-body mode frequency) and 4000 rpm (rated speed) are two critical speeds that require particular
attention in the threshold analysis.

5 2525 pm 2616 rpm 4000 rpm 10

%10 5 2584 rpnq ;672 rpm 4000{pm

5L | — Path1
— Path 2

Displacement (m)
(=)
Displacement (m)

0 1000 2000 3000 4000 0 1000 2000 3000 4000
Rotation speed (rpm) Rotation speed (rpm)

Fig. 9 runup response under Case 1.

The international standard ISO 7919-1 specifies zone limit criteria as shown in Table 1, where Zones A, B, C, and D
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represent four different levels of displacement requirements. Zone A is normal for new machines; Zone B is safe for long-
term use; Zone C allows only short-term operation until repairs; Zone D indicates severe vibration that can damage the
machine.

Table 1 Zone limit criteria

Zone limit Boundary value (Cnix= Minimum radial clearance ~ Limit value in this study
between the rotor and the stator) (Crin=125 pm)
A/B zone boundary 0.3 Cuin 37.5 um
B/C zone boundary 0.4 Cuin 50.0 um
C/D zone boundary 0.5 Cuin 62.5 pm

Figure 10 shows contour plots of the maximum peak displacement at two critical speeds under parallel and angular
misalignment, along with the displacement zones defined by the Zone Limits in Table 1, providing a reference for AMBs-
rotor system stability assessment.
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(a) Path 1 (b) Path 2 (c) Path 3 (d) Path 4
Fig. 10 Contour plot of the maximum peak displacement at a rotational speed of 2580 rpm.
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Fig. 11 Contour plot of the maximum peak displacement at a rotational speed of 4000 rpm.

Fig. 12 shows the threshold ranges of parallel and angular misalignment parameters at two critical speeds. Different
paths show clear differences in misalignment tolerance at 2580 rpm and 4000 rpm. As speed increases, the threshold
ranges change, showing that speed affects misalignment sensitivity. Also, vibration displacement is generally required to
stay within Zone B. The blue areas in the figure indicate the allowable misalignment at the two key speeds.
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Fig.12 Threshold range of parallel and angular misalignment parameters.
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5. Conclusions

In this work, the dynamic behavior of an AMBs-rotor system with coupling misalignment is analyzed. The main
conclusions are as follows:

(1) An AMBs-rotor model incorporating coupling misalignment is developed. The model captures the nonlinear and
time-varying stiffness characteristics of the coupling caused by both parallel and angular misalignments. Key uncertain
parameters within the nonlinear stiffness, specifically static stiffness and harmonic coefficients, are identified through
mechanical simulation and frequency-domain experimental analysis.

(2) Numerical simulations are conducted to analyze the system’s vibration characteristics under various conditions.
The key finding is that both parallel and angular misalignments significantly amplify the fundamental frequency (1X)
and higher-order harmonics (2X, 3X), with parallel misalignment exerting a stronger influence. While 2X is often
considered the primary indicator of misalignment, coupling misalignment also notably increases the 1X amplitude and
excites additional higher-order harmonics.

(3) The misalignment threshold of the active magnetic bearing—rotor system is critically evaluated at two key speeds:
2580 rpm (near the first rigid-body mode frequency) and 4000 rpm (rated speed). Based on the displacement zone criteria
specified in ISO 7919-1, significant differences in misalignment tolerance emerge across different speeds and
measurement paths, and the system’s sensitivity to misalignment changes as rotational speed increases. To ensure system
stability and long-term safe operation, vibration displacement should be maintained within the analyzed threshold ranges.
This provides an important reference for misalignment control and stability assessment of the active magnetic bearing—
rotor system.
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