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Abstract

In this paper modified signals obtained by means of an optimization algorithm are used
for identification procedures in a previous developed small-scale active magnetic bearing
(AMB) test rig. Such an iterative algorithm reduces the crest factor of the original signal
allowing higher energy injection into the system, yielding a higher signal-to-noise ratio if
compared with general broadband excitation signals (swept, white noise, impulse, etc.).
The results are compared with the well known stepped sine, which has the ability to
concentrate the energy in a unique desired frequency, however at the cost of a significant
increase of the total experiment time.

1 Introduction

The choice of excitation signals is an important step when an identification procedure, or
a sensitivity analysis, is the scope of any system under test, even more when the allowed
time to perform the experiment is a constrain. The bandwidth and its energy distribution
are the most common aspects to have into account for an optimal excitation signal design.
Due to the inherent presence of noise in experimental measurements, some strategies may be
implemented aiming to increase the signal to noise ratio (SNR), and thus obtain more accurate
estimations[9]. In the case of magnetic bearing systems, as well as various applications, the
excitation signal amplitude is restricted by the maximum shaft displacement, namely, a part of
the gap between the rotor and the touchdown bearing. A straightforward way, which consists in
a longer experiment time to perform averaging techniques with a higher number of repetitions,
as studied in detail by Verboben [21], may not be effective when the test stand is not able to
maintain the test conditions for a long period, for instance, high pressure and flow ratio test rigs
in oil and gas applications. In such a scenario, the study and assessment of different excitation
signals become an interesting alternative to obtain a balanced solution between the time and
amplitude restrictions.

In previous works, various excitation signals have been used in active magnetic bearing
systems (AMBs) aiming a comparison of each signal performance. Perhaps the experiments
developed by Hynynen [7] were the first to highlight the importance of well-designed signals
for identification of an AMB test rig transfer function. In the same way, Khader et. al. [8]
performed a similar analysis in order to assess different averaging methods, or also known in
literature as estimators [5]. Multitone signals were tested in a high pressure test chamber de-
vised by General Electric turbomachinery manufacturer [20] to evaluate the behavior of annular
gas seals in presence of pressurized nitrogen. A reduction of total experiment time was one of
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the most important remarks in that paper. A qualitative comparison of the obtained frequency
response functions (FRFs) by utilizing several excitation signals was performed by Vuojolainen
et al. [22]. Likewise, Diaz et al. [2] obtained the FRFs of a small-scale AMB test rig by us-
ing different averaging methods in a non-rotating shaft condition and then at several rotation
speeds [3]. With the addition of modified multitone excitation signals, the latter authors per-
formed [4] an estimation of the equivalent stiffness and damping coefficients of the same AMB
test rig, observing the benefits when the crest factor of an excitation signal is reduced, resulting
in lower uncertainties.

A comparison between pure harmonic, broadband general purpose and modified excitation
signals are performed in a small-scale AMB by applying the method utilized in[4], and presenting
the results in a relative instead an absolute approach, which gives a better understanding of
the uncertainties behavior of the different excitation signals applied to the test rig.

2 Identification Procedure

Due to the robust performance in presence of noise [19], identification method is made on the
frequency domain approach, i.e. the use of frequency response functions (FRFs). The excitation
signal s is summed to the control signal (see Figure 1) while the rotor is levitating. Both the
excitation, current and position signals are measured, conditioned and stored in an acquisition
system, represented by u for the currents and y for the shaft position vectors. Those vectors
are composed by their respective true values (u0 and y0) and also by the noise contribution
vectors (nu and ny). The noise effect are considered to be independent for each sensor and has
the proprieties of a normally distributed random variable. Then the Discrete Fourier Transform
(DFT) technique is applied to those stored signals in order to obtain their spectrum. Finally,
the ratio of the output to the input signal (excitation) can be defined as the FRF of the system.

Figure 1: Block diagram for AMB identification (adapted from [17])

2.1 Identification Model

A two DOF mass-spring-damper model is employed to obtain the coefficients from the measured
data. The tests are carried out with at rest condition (non-rotating shaft), and the governing
equation can be represented as [23]:

M q̈ + C q̇ + Kq = f , (1)
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where the vectors q =
[
x y

]T
and f =

[
fx fy

]T ∈ R2×1 represent the displacements and
forces applied to the system, respectively. Therefore, stiffness K , damping C and mass M
matrices are expressed as:

M =

[
m 0
0 m

]
,C =

[
Cxx Cxy

Cyx Cyy

]
,K =

[
Kxx Kxy

Kyx Kyy

]
,∈ R2×2. (2)

The subscripts xx, yy and xy, yx represent the direct and cross-coupled effect in the system,
respectively. m is related to the body (i.e. rotor) mass. By replacing the current and position
vectors into their complex form (i.e. q = q̄ue

jωt and f = f̄ue
jωt), equation 1 can be expressed

as follows[11]: [
K − ω2M + jωC

]︸ ︷︷ ︸
CDS

q̄u = H q̄u = f̄u, (3)

with H ∈ C2×2 denoting the complex dynamic stiffness (CDS) of the system, j =
√
−1 and ω

the excitation frequency. The force vector depends on the measured coil currents, shaft position
and actuator topology (number of poles, air gap, pole area, etc.). For the system under test,
as described in section 4, the force can be computed by the linear equation[10]:

f =

[
fx
fy

]
=

4 cos(π/8)µ0AgN
2
v ib

g20︸ ︷︷ ︸
Kmag,i

[
ix
iy

]
+
−4 cos(π/8)µ0AgN

2
v i

2
b

g30︸ ︷︷ ︸
Kmag,x

[
x
y

]
, (4)

where µ0 represents the permeability of free space, Ag the pole cross-sectional area, Nv the num-

ber of turns in each coil, g0 the nominal magnetic airgap, ib the base current and
[
ix iy

]T
the

vector of the control currents. Note that at least two different experiments (Q̄ =
[
q̄u1 q̄u2

]T
F̄ =

[
f̄u1 f̄u2

]T
)are required to obtain the CDS matrix, which finally is written as:

H =

[
Kxx −mω2 + jωCxx Kxy + jωCxy

Kyx + jωCyx Kyy −mω2 + jωCyy

]
= F̄ Q̄

−1
. (5)

A typical way to obtain the two independent experiments is firstly apply only the excitation
force on the x axis and then perform the second one applying the force on the y axis.

2.2 Estimator

Aiming to reduce the noise effect, various repetitions or blocks[14] are carried out, and averaging
techniques are utilized to obtain the force and displacement matrix. Pintelon and Shouckens[13]
describe in detail the proprieties of the averaging methods used in the frequency domain. For
the analysis made in this paper, the error in variables estimator was selected, which for each
excitation frequency ωk and a defined number of blocks Nb, can be expressed as:

HEIV (ωk) =

(
1

Nb

Nb∑
l=1

F̄ (ωk)(l)

)(
1

Nb

Nb∑
l=1

Q̄(ωk)(l)

)−1
. (6)

3 Excitation Signals

The stepped sine, which has an amplitude A and can be expressed as st = A cos(ωkt), has a
high SNR since the energy is stored in only the excited frequency [15], and is one of the common

3
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excitation signals used in system identification procedures. Its major limitation lies in the total
time needed to perform the experiment. On the other hand, some broadband signals, as the
widely used sweep, impulse or white noise are a practical solution to tackle the time limitation
issue. Nevertheless, such signals distribute the energy in a great quantity of frequencies, yielding
a lower SNR. The linear swept signal can be defined as follows[14]:

s(t) = A sin((at+ b)t) 0 ≤ t ≤ T0, (7)

with a = π(k2 − k1)f20 and b = 2πk1f0, f1 = k1f0 and f2 = k2f0 and f0 = 1/T0. The
random signals are generated by a computer algorithm, and are able to satisfy the noise theory
proprieties. In this case, the common used pseudo-white noise is chosen to be one of the
excitation signal for the comparison.

An intermediate alternative is related to multisine or multitone signals, which are defined
as the sum of Nf number of discrete harmonics, and are capable to distribute the energy into
the chosen frequencies. Such a signal can be represented as:

s(t) =

Nf∑
k=1

Ak cos(ωkt+ φk), (8)

3.1 Modified multisine signals

The shape of a multisine signal relies on the set of its amplitudes (Ak), frequencies (ωk) and
phases (φk) . Impulsive signals trend to allow a lower amount of energy into the system under
test[15]. Such characteristic can be quantified by the crest factor, denoted as[14]:

Cr(u) =
spk
srmse

=

max
t∈[0,T ]

|s(t)|

srms

√
Pint/Ptot

, (9)

where srms =
√

1
N

∑N
i=1 s

2
i is the signal RMS, spk its peak value, Ptot and Pint are the total and

the contained power in the frequency band of interest, respectively. In general words, the lower
the crest factor, the less impulsive the signal is. A second indicator, known as time factor[14],
indicates how long takes for each frequency component to have the same SNR when compared
to a stepped signal with the same frequency.

There exist several techniques to reduce the crest factor by manipulating the signal phases,
for instance, the equation proposed by Schroeder [16]. Some iterative algorithms, like the
Chebyshev method[6], also have an effective performance. Such a method consists in an op-
timization problem, where the objective is the minimization of the cost function lp, which is
dependent of the p− th norm of the signal excitation vector, yielding a lower crest factor. The
algorithm flow chart can be observed in Figure 2. The phases can be initialized randomly, and
then a Levenberg-Marquardt algorithm[12] is applied in order to update the set of phase values.
As the crest factor converges, the p− th norm is increased twice until a minimum possible Cr
is obtained or the maximum defined p− th is reached.

As an example, a multitone signal with 17 frequencies with flat spectrum (i.e. A1 = A2 =
... = A17), is used to assess the optimization algorithm. The frequencies are selected to be
evenly spaced and distributed following the expression ωk = 2π(4k + 1) with k = 1, 2, ..., 17.
The spectrum of the original signal, as well as its last iteration step is presented in Figure 3.
Note that the spectrum amplitudes are conserved whilst the phases are modified to reduce the
peaks of the signal. The crest factor evolution can be observed in figure 4. The numbers located

4
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Figure 2: Chebyshev method flow chart [6]

close to some points of the curve indicate the p − th norm value and in which iteration they
were increased by two. In this case, the lowest possible crest factor was 1.61, and the algorithm
took 73 iterations to converge on the final value. The lasted time was approximately 4 seconds,
with a MatlabTM script and a computer with basic specifications (Intel R©core i5TM and 8 GB
of RAM).

3.2 Experiment time

The total demanded time to perform the data acquisition, in a defined frequency band, when
a stepped signal is used [15], can be estimated by using the equation:

Tstep = Ne

Nf

Tw +Nb

Nf−1∑
i=0

(
1

fi

) , (10)

where Tw refers to the needed time to leave the transient effect when the frequency is modified,
and Ne are the number of independent experiments to be performed (for this case, as mentioned
in subsection 2.1, Ne = 2). In the same way, a time needed to acquire the data, within the

5
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Figure 3: Original and modified multisine signal with Chebyshev method
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Figure 4: Crest factor evolution for signal presented in Figure 3

same frequency band, when a multisine signal is used, can be calculated by[15]:

Tms = Ne

(
Nb

f0
+ Tw

)
, (11)
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with f0 the lowest frequency excited value.

4 Small Scale AMB Test Rig

A rigid rotor supported by an active magnetic bearing system, previously developed in the
Acoustics and Vibrations Laboratory [1][18] at Federal University of Rio de Janeiro, was used to
assess the excitation signals for the identification procedure, which comprises the estimation of
the equivalent AMB stiffness and damping coefficients. Such a test rig can be observed in Figure
5. Each magnetic actuator has an eight heteropolar coupled pair configuration. To levitate the
rotor, it was employed a closed loop decentralized PID control algorithm, implemented in a
development FPGA module by means of the Tustin approximation, with a discrete control
period of 100µs. Furthermore, a differential mode is adopted to reduce the complexity of the
control strategy scheme. The algorithm also allows to add the excitation signals after the control
block output as shown in Figure 1. The main dimensional and functional characteristics are
summarized in Table 1.

Figure 5: Small scale AMB test rig used for experiments

Because the identification model structure is governed by only lateral displacements, both
sides A and B are excited in the same way to mimic only translational motion. Then the
measurements are obtained from the both side sensors, and averaged to obtain the resulting
displacement data. Therefore, the magnetic forces from the actuator A and B are summed to
compute the resultant system force.

5 Results

For the experiments, it was selected a total of six excitation signals (see Table 2), comprised of
the widely used stepped sine, white noise, sweep and the last three are composed of multisine
signals. The first one of that latter group has the phases obtained randomly within an interval[
0 2π

]
with a uniform distribution, and the spectrum shape adjusted in such a way that the
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Parameter Symbol Value Unit
Shaft mass m 1 kg
Shaft length Ls 400 mm
Shaft diameter ds 14.28 mm
Journal diameter dj 36.4 mm
Touchdown bearing diameter dto 1 mm
Distance between actuators 2a 330 mm
Distance between sensors 2c 315 mm
Number of turns per pole Nv 130
Bias current ib 1 A
Flux density saturation Bsat 1.7 T
Nominal radial airgap g0 1 mm
Pole cross-sectional area Ag 235 mm2

Open-loop gain Kmag,x -2.11e4 Nm−1

Actuator gain Kmag,i 21.14 NA−1

Nominal inductance L0 4.3 mH
Coil wire gauge 20 AWG
Number of poles per actuator Np 8

Table 1: Small AMB test rig characteristics

frequencies that require more energy, have their respective input amplitudes increased aiming
to maintain the output spectrum amplitude flat. For inductive loads as magnetic bearing appli-
cations, this occurs at higher frequencies. To obtain the spectrum shape, the FRF amplitude of
the AMB system can be obtained by utilizing any broadband excitation signal, considering the
ratio of the input to the displacement spectrum amplitude. Since the objective is to know only
the amplitude, it is not required many blocks, indeed, one block should be sufficient. With the
same spectrum amplitude shape, the second multisine signal has its phases optimized by the
lp algorithm (i.e. Chebyshev method), and finally, the last multitone signal also has its phases
optimized, but instead adapted amplitudes, its shape consists of a flat spectrum. The band of

Signal Spectrum amplitudes Spectrum phases
1 Stepped Sine Adapted -
2 Sweep Flat -
3 White noise - -
4 Modified multisine with lp algorithm Flat Optimized
5 Multisine with random phases Adapted Random
6 Modified multisine with lp algorithm Adapted Optimized

Table 2: Excitation signal characteristics

interest was defined well below the maximum force slew rate, starting in 5 Hz with 17 com-
ponents. In order to separate the nonlinear distortions, at least, the fourth order contribution,
the k − th frequency follows the expression ωk = 2π(4k + 1).

A dedicated acquisition module, which stores synchronously the excitation signals, currents
and positions measurements from the AMB is used at the rate of 5kHz. As an example,
a period of the excitation signal 6-Modified multisine with lp algorithm, when the x axis is
excited, as well as its resulting force and shaft position can be observed in Figure 6. The
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maximum displacement is set to not be more than ±100µm from the center for all cases.
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Figure 6: Excitation signal, force and shaft position for the signal 6-Modified multisine with lp
algorithm, when axis x is excited

With an established number of blocks Nb = 10, the estimated stiffness coefficients are
presented in Figure 7. Note that for the direct terms (i.e. Kxx and Kyy), all the values are
close due to the contribution of the known mass and excitation frequency mω2 (see Equation
5). The cross-coupled terms exist due the nonlinear magnetic actuator and its dependence of
the shaft position rotor, and also the gravity contribution. The estimated damping coefficients
can be observed in Figure 8. In general, the direct terms as well as cross-coupled damping
terms seem to have no well defined pattern, and the estimated coefficients differences are more
evident.

In order to analyze the uncertainties, the relative standard deviation concept is applied
to the results presented previously in Figures 7 and 8, taking as reference the mean coefficient
estimated in each frequency. For the stiffness and damping coefficients, as shown in Figure 9 and
10, respectively, the relative standard deviation curves confirm the outstanding performance of
the stepped signal, which for almost all frequencies, had the lowest standard deviation. At
low components (e.g. 5Hz), it is possible to notice an increment of uncertainties, mainly in
the direct terms of stiffness and damping, probably due to the low amplitude excitation signal
required to move the shaft below the maximum allowed displacement, combined with the noise
of the current sensors. There are several points obtained with the white noise and sweep signal
that are not plotted in the figures, since they are located out of the graphic scale. Moreover, the
signals with flat spectrum trend to have a higher standard deviation values at high frequencies,
as expected, since the applied energy yields a lower system excitation in such frequencies. One
can also observe the higher deviation in the x axis, associated likely to the gravity effect when
the horizontal axis (i.e. x) is excited.

Aiming to have an overall sight of the assessed excitation signals, an average of the deviations
over the band of interest is calculated for each term, and summarized in Table 3. It is possible to

9
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Figure 7: AMB estimated stiffness coefficients
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Figure 8: AMB estimated damping coefficients

observe the significantly lower deviation in multisine signals, if compared with sweep and white
noise. The multitone signals with their phases modified by the Chebyshev method performed
better than the multisine with random phases.
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Figure 9: Relative standard deviation of the estimated AMB system stiffness coefficients
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Figure 10: Relative standard deviation of the estimated AMB system damping coefficients

Because this paper intends not only to assess the uncertainties, but also the error with
respect to the true values, a comparison of the estimated coefficients is carried out. The
stepped sine, which had the lowest relative standard deviation, is chosen as the reference to
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Excitation signal σKxx σKxy σKyx σKyy σCxx σCxy σCyx σCyy

% % % % % % % %
1- Stepped sine 1.36 5.04 5.51 0.59 0.06 0.25 0.95 0.02
2- Sweep 21.99 223.84 606.30 6.44 0.68 0.68 2.08 0.36
3- White noise 76.24 519.60 253.91 28.03 1.66 7.81 15.94 1.11
4- Multisine (lp) flat shape 3.94 24.47 74.08 1.96 0.56 1.48 2.86 0.07
5- Multisine with random phases 8.07 40.37 47.74 2.26 0.82 35.88 12.34 0.19
6- Multisine (lp) adapted shape 7.58 23.59 33.57 2.49 0.69 1.16 1.71 0.15

Table 3: Relative standard deviation average for stiffness and damping coefficients, Nb = 10

calculate the relative error of the estimated stiffness and damping coefficients with the other
five signals, presented in Figures 11 for stiffness and 12 for damping. The multitone signals
obtained a lower error trend, when compared with the white noise and swept signals. It is
also possible to observe a lower error at high frequencies for multisines with adapted spectrum
amplitude than the obtained with flat amplitude signals.
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Figure 11: Relative error of the AMB estimated stiffness coefficients

As previously proposed for uncertainties, a general interpretation can be achieved by com-
puting the mean relative error coefficients in the band of interest, which is summarized in Table
4. The Multisine signal with optimized phases and adapted spectrum shape presented the low-
est errors (principally in the direct damping terms), with the exception of the cross-coupled
damping Cxy and Cyx.

For the Nf = 17 frequencies, the total experiment times, which can be obtained by using
Equation 10 for the stepped sine, and Equation 11 for the selected multisines (as well for white
noise and sweep), where approximately 40 minutes and 40 seconds, respectively, meaning a
ratio of 60 times. One can imply that the higher the number of frequencies, the greater the
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10 20 30 40 50 60
0

20

40

60

80

100

120

Frequency [Hz]

E
rr

or
[%

] (
R

ef
. 1

− 
S

te
pp

ed
 s

in
e)

Cxx

 

 

2−Sweep
3−White noise
4−l

p
 Norm flat

5−Multirand
6−l

p
 Norm

10 20 30 40 50 60
0

1000

2000

3000

4000

5000

6000

7000

8000

Frequency [Hz]

E
rr

or
[%

] (
R

ef
. 1

− 
S

te
pp

ed
 s

in
e)

Cxy

10 20 30 40 50 60
0

2000

4000

6000

8000

10000

12000

Frequency [Hz]

E
rr

or
[%

] (
R

ef
. 1

− 
S

te
pp

ed
 s

in
e)

Cyx

10 20 30 40 50 60
0

10

20

30

40

50

Frequency [Hz]

E
rr

or
[%

] (
R

ef
. 1

− 
S

te
pp

ed
 s

in
e)

Cyy

Figure 12: Relative error of the AMB estimated damping coefficients

Excitation signal ˆKxx ˆKxy ˆKyx ˆKyy ˆCxx ˆCxy ˆCyx ˆCyy
% % % % % % % %

2- Sweep 7.42 36.63 52.72 2.90 30.89 769.39 410.20 17.03
3- White noise 5.44 114.38 56.58 2.14 33.24 805.37 8446.3 15.27
4- Multisine (lp) flat shape 3.29 19.80 37.46 1.29 29.69 292.95 1014.6 10.54
5- Multisine with random phases 3.37 17.70 21.63 1.31 24.46 92.24 259.81 9.06
6- Multisine (lp) adapted shape 3.29 11.81 18.48 1.28 14.56 328.11 402.22 8.26

Table 4: Relative error deviation average for stiffness and damping coefficients, Nb = 10 Ref.
1- Stepped signal

total time experiment difference between the stepped and broadband excitation signal, however
the lower the latter signal crest and time factor.
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6 Conclusions and Future Works

Basically, the general purpose signals (sweep and white noise) performance were lower than
multisines in the defined set of frequencies. In the case of white noise, it could be due to its
energy distribution out of the frequencies of interest, thus yielding a reduction of applied power
to the desired harmonics. In general, the best performed excitation signal for the tests carried
out in this paper was the multisine with adapted spectrum amplitude and modified phases by
using the Chebyshev method.

The direct terms of uncertainties and errors values were lower in the y axis (see Tables 3
and 4) than x axis. Such behavior may be caused by the gravity contribution, which can be
represented as a vector parallel to the y axis.

The need of adapted amplitudes becomes more indispensable when the system under test
spectrum has a low flatness (e.g. flexible shaft supported by an AMB system), namely, the signal
should excite with lower amplitudes the frequencies located close to the system resonances.

As a suggestion, the excitation signal design starts with the band of frequencies definition,
as well as its number of frequencies to cover such band. Then, the system spectrum amplitude
is obtained in order to establish its shape. This procedure can be achieved by using a general
purpose broadband signal, and computing the FRF magnitude of the excitation signal to the
system output (it should not use more than two blocks). Finally, a reduction of the crest factor
is made by means of algorithms as the presented in this paper.

Since the spectrum shape was obtained manually before applying the crest factor reduction,
the authors are currently working on a new strategy aiming to include this step in an autom-
atized way. Furthermore, future experiments are intended to compare the number of excited
frequencies Nf and blocks Nb, which are strongly related to the total experiment time and
signal excitation quality (crest and time factors).
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