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Abstract—To isolate the vibration transmitted from the propel-

ler to the vessel’s hull, the main engine, the shaft together with 

the bearings are proposed to be installed on a large-scale isola-

tion system. Permanent magnetic thrust bearing (PMTB) is ap-

plied to further reduce the vibration transmission. The Cou-

lombian model is adopted to calculate the force and stiffness, 

which determine the application feasibility of the PMTB in ves-

sels. Explicit computations are presented for stacked PMTB. 

The calculation result is compared with that obtained by finite 

element method (FEM) and experimentally tested. It is revealed 

that the Coulombian model is accurate enough and more eco-

nomic than the FEM, which make it advantageous to the struc-

ture design and parameter optimization of PMTB. In the influ-

ence study by Coulombian model, it is found that the airgap 

width can exponentially change the maximum axial magnetic 

force and stiffness; the radial width is not a sensitive factor for 

both force and stiffness; the axial length should be 4/5 of the 

radial thickness to obtain the largest force and decent stiffness. 

I. INTRODUCTION 

In marine propulsion system, the thrust bearing transforms 
the propeller’s axial movement directly to the hull, which ex-
citing the hull to vibrate and radiate sound. This will seriously 
reduce the quietness of the vessel and also cause negative in-
fluence on the marine organism [1, 2]. On another hand, tradi-
tional thrust bearing needs complicate lubrication system. To 
reduce the vibration and simplify the structure, the floating 
raft isolation system is adopted and the permanent magnetic 
thrust bearing (PMTB) is introduced to replace the traditional 
thrust bearing. As shown in Figure 1, the shaft system and all 
bearings are installed on a large raft which is connected with 
the vessel hull by vibration isolators.  

Compared with traditional Michelle thrust bearings, the 
stiffness of PMTB decreases by one order of magnitude, from 
E

7
 N/m to E

6
 N/m. Lower stiffness means the shaft system 

will undergo larger displacement when transmitting the same 
thrust from the propeller. Furthermore, the stiffness of the 
thrust has great influence on the dynamic characteristics of the 
whole isolation system [3].  

Permanent Magnetic Bearings (PMB), which are generally 
manufactured with axially or radially magnetized magnets, 
have the characteristics of no mechanical friction, low noise, 
low power-consumption and vibration reduction [4], so they 
are largely applied in the fields like space technology [5, 6], 

mechanical processing [7] and so on. Yonnet [8] is the pioneer 
in the study upon PMB, who calculated the magnetostatic en-
ergy created by a system of two magnets and obtained the 
expressions for forces by differentiate the energy expression 
with respect to the displacement. Beleggia [9-11] derived the 
general expression for the magnetostatic energy of two mag-
netic elements with arbitrary shape. Vokoun [12] continued 
the work of Beleggia and obtained analytical expressions for 
calculating the attraction force between two cylindrical per-
manent. The research achievement is utilized to continue re-
search work in fields like magnetic guns [13], nonlinear ener-
gy sink [14], ultra-broad-band nonlinear acoustic metamateri-
als [15] and energy harvesting [16]. Another popular way to 
determine the magnetic force is based on Coulombian ap-
proach. It uses fictitious magnetic charge to model the mag-
netic field intensity. Rakotoarison [17] computed the demag-
netization field in each point inside the permanent magnet and 
the magnetic fields outside it. Ravaud [18-20]determined the 
magnetic force exerted between rings axially or radially mag-
netized using Coulombian model. 
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Figure 1 Schematics of the isolation system for marine propulsion 
system  

This paper firstly reviews the Coulombian approach for 
magnetostatic calculations and extends the results to obtain the 
magnetic force of large-scale stacked PMTB. Then, to verify 
the correctness of the calculating procedure, the numerical 
results from FEM and the tested results from a large-scale 
stacked PMTB are compared with that of Coulombian model 
and FEM method. Finally, the Coulombian model is used to 
analyze the influence of airgap width, radial thickness and 
layers on axial magnetic force and stiffness. 



II.  FORCE CALCULATION OF PMTB USING COULOMBIAN 

MODEL 

A. Coulombian Model for Single Pair of Magnetic Ring 

The derivative process is began with Maxwell’s equations 

 
0E      (1) 

 0B    (2) 

Eq. (1) is the Gauss’s law and Eq. (2) is the Gauss’s law 
for magnetism, both in differential form. The meaning the 
symbols are listed in the appendix in alphabetical order. 

Ferromagnetic materials have the property of  

 
0B H J    (3) 

where J is the magnetic polarization, which represents the 

vector sum of magnetic dipole moment in unit volume. By 

combining Eq. (2) and Eq. (3) 

 
0H J      (4) 

From Eq. (2), it is known that there is no monopole mag-
netic charge which can create magnetic field individually, but 
corresponding to electrical charge, we imagine fictitious mag-
netic charge σ distributing on the surface of and inside perma-
nent magnets, which are indicated by σv and σs respectively. 
By comparing Eq. (4) with Eq. (1), the fictitious magnetic 
charge density is  

 J     (5) 

If the magnetic rings of the PMTB are radially magnetized 
and the magnetic polarization J is uniform, then the expression 
of J in cylindrical coordinate system is  

 ( ,0,0)J J   (6) 

then the expression of σv is  
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As discussed above, there is no monopole magnetic charge 
for an entire magnetic ring, so 

 0s v
s v

ds dv      (8) 

From Gauss’s theorem 

 FdV F nds
 
     (9) 

Identified from Eq. (7), (8), (9), it is obtained that  

 s J n    (10) 

For a pair of magnetic rings, as shown in Figure 1, the in-
ner ring is attached to the rotator and the outer ring to the sta-
tor. The axial force is the sum of magnetic force between sur-
face and surface, volume and surface, volume and volume, 
which can be written as 

 (s s) ( s) ( )z z z zF F F v F v v        (11) 
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Figure 2 Sectional view of a pair of magnetic ring. The outer ring is 
attached to the stator and the inner ring is attached to the rotator. The 
inner ring can move axially. Both rings are radially magnetized. 

We first consider the situation when two fictitious magnet-
ic charges located on the surfaces, as shown in Figure 1. 
Compared with Coulomb’s law, the magnetic force is  

 1 2 2 1
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where  
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2 1( ) ( z )d m n z      (16) 

considering Eq. (7) and (10), it is obtained 
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substitute Eq. (12)-(17) in to Eq. (11), we can obtain the en-

tire axial force generated by a pair of magnetic rings. It is 

obvious that the expressions of Eq. (12), (13), (14) which 

include quadruple, quintuple or sextuple integrals, are very 

complicated and it is impossible to obtain the analytical re-

sults [19]. If we totally adopt numerical method, the computa-

tional cost will be too high, so the efficient and feasible way 

is to finish part of the multiple integrals analytically and uti-

lize numerical integral to calculate the rest part. 
After calculation, we found that the results of Eq. (13) and 

(14) are much smaller than that of Eq. (12). The ratios of  peak 
values are less than 1%, so to further reduce the computational 
cost, we only calculate the magnetic force between surface 
and surface and ignore the other two parts. 



B. Force Calculation for Stacked PMTB 

Next step, we consider the stacked structure, as shown in 
Figure 3. The magnetic rings of the stator (outer) are fixed on 
the bearing block and the magnetic rings of the rotator (inner) 
are connected with the shaft which can move axially. All the 
magnetic rings are radially and uniformly magnetized with the 
same orientation. 

(a) Equilibrium state (b) Axial thrust state 
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Figure 3 Schematic diagram of the permanent magnetic thrust bear-
ing 

In equilibrium (Figure 3 (a)), the magnetic rings do not 
provide axial force. When the propeller thrust drives the rota-
tor magnetic rings to move in the axial direction, as shown in 
Figure 3 (b), the induced magnetic attractive and repulsive 
forces make it produce axial thrust.  

In the stacked structure, every two magnetic rings of inner 
and outer ones generate magnetic forces. If the PETB consists 
of T pairs of magnetic rings, then all the magnetic forces can 
be written in a matrix form as follows 
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where  

 = - ( -1)+ ( -1)pq az z h p b q   (20) 

The total axial force exerted by the PMTB is the sum of F 

elements 
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C. Stiffness Calculation for Stacked PMTB 

The stiffness of PMTB is very important for the dynamic 
characteristics of marine propulsion system. The value of 
stiffness can be obtained from computing the gradient of the 
force to displacement. When concentrating on the axial stiff-
ness, it becomes calculating the derivative of axial force Fentire 
to axial displacement za 

 
z entire aK F z     (22) 

III.  FORCE CALCULATION OF PMTB USING FEM 

The FEM simulation is implemented by Comsol Mul-
tiphysics through the physic field of “Magnetic field, No cur-
rent”. The software takes advantage of rotational symmetry of 
the PMTB and a 2D model is adopted to reduce the computa-
tional cost. The principle of the magnetic force calculation is 
to obtain the magnetic induction distribution through Maxwell 
stress tensor method [13, 21]. Maxwell stress tensor Tij is ex-
pressed as 

 2

0 0

1 1
= -

2
ij i j ij ijT B B B 

 
  (23) 

Where, δij is the Kronecker delta function. Then the force is 

computed by  

 2 r TdS


 F n   (24) 

where n is the surface normal vector and the integration is 

conducted over the surface of region Ω. In Comsol, the stiff-

ness calculation is also based on computing the gradient of 

magnetic force with respect to displacement vector. The 

physical field of “sensitivity” is applied to complete the stiff-

ness calculation. It should be mentioned that we only calcu-

late the axial magnetic stiffness, so the 2D model is sufficient. 

If calculating the magnetic stiffness in radial direction or 

coupled stiffness coefficients, a complete 3D model is re-

quired. 
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Figure 4 Magnetic force calculation of stacked PMTB using FEM 
in Comsol Multiphysics  
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Figure 5 Diagram of the magnetic force versus axial displacement 
calculated by FEM and Coulombia model.  

The force calculation results by two methods are illustrated 
in Figure 5. It shows that both methods give almost identical 
force curves. Only at the peaks or valleys, the values of Cou-
lombian model are a little smaller than that of FEM, but it is 
obvious that the FEM curve is not as smooth as the one gener-



ated by Coulombian model. In the FEM calculation, the 2D 
model is meshed into 6850 elements. If finer mesh is used, the 
FEM curve can be smoother, but more elements means more 
time-cost.  

The stiffness calculation results comparation is shown in 
Figure 6. It is apparent that the unevenness of FEM force 
curve leads to the stiffness curve much unsmoother. This also 
cause the FEM fails to predict the magnet stiffness at the val-
leys, namely when the axial displacement equals an integral 
multiple of the axial length of magnetic ring h (b=h). But apart 
from the parts around the valleys, the two curves have similar 
values for most axial displacement. 
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Figure 6 Diagram of the magnetic stiffness versus axial displace-
ment calculated by FEM and Coulombia model.  

Moreover, even though using a 2D model, the computing 
process of FEM still costs around 2 hours, while it costs only 
6 minutes by Coulombian model by the same computer. We 
can conclude that the Coulombian model yields physically 
reasonable force calculation results in much smaller time-cost. 

IV. EXPERIMENTAL RESULTS 

NdFeB is adopted as the permanent magnetic material to 
manufacture an experimental prototype of the PMTB. Figure 7 
illustrates the experimental setup for the axial magnetic force 
measurement. The outer magnetic rings are fixed to the stator 
(bearing block) of the PMTB and the inner rings are attached 
to the rotator (shaft) of the PMTB. One end of the PMTB rota-
tor is attached with the motor through a flexible coupling. The 
other end is connected to an axial loading, which is a hydrau-
lic pump. At the beginning of the experiment, the motor drove 
the shaft to rotate and the hydraulic pressure was set to zero. 
During the measurement, we recorded the exerted force every 
1mm of the rotator axial displacement. The measurement was 
conducted three times and the relationship between the applied 
load and the axial displacement was obtained by averaging the 
data.  

The tested axial magnetic force compared with the nega-
tive magnetic forces calculated by Coulombian model and 
FEM is shown in Figure 8, in which only the comparation 
above the x axis is illustrated because of symmetry. It is 
shown that the values obtained by both the Coulombian model 
and the FEM are reasonably close to the corresponding meas-
urements. Deviations are expected and acceptable because the 
calculations by Coulombian approach and FEM are based on 
the uniform magnetization approximation. It proves that both 

the Coulombian model and FEM simulation have sufficient 
accuracy for the axial force prediction of the PMTB. 
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Figure 7 Schematic diagram of the experimental apparatus for the 
measurement of PMTB axial magnetic force 
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Figure 8 Diagram of the magnetic force versus axial displacement 
calculated by FEM, Coulombia model and tested results 

Central difference method is applied to deal with the tested 
data and obtain the magnetic stiffness. The results Compara-
tion is shown in Figure 9. It is revealed that for most values, 
the result of FEM is smaller than that of tested and the values 
computed by Comlombian is close to the ones by tested, so the 
Coulombian model has better prediction upon magnetic stiff-
ness than the FEM with less time-cost. 
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Figure 9 Diagram of the magnetic stiffness versus axial displace-
ment calculated by FEM, Coulombia model and tested results 

After comparing the results of FEM, Coulombian model 
and tested, we conclude that both calculation methods can 



well determine the magnetic force and the Coulombian model 
can get smoother curve than FEM. Upon stiffness determina-
tion, Coulombian model is preciser than FEM. It also reveals 
that in Coulombian model only considering the reaction be-
tween faces is accurate enough in the PMTB design. 

V. PARAMETER PPTIMIZATION OF PMTB 

In this section, the Coulombian model is used to study the 
influence of PMTB structural parameters on the magnetic 
force and stiffness, including the airgap width, the radial 
thickness difference and the axial length of magnetic ring. 

A. influence of airgap width 

When calculating the magnetic force and stiffness for dif-
ferent airgap widths wa between the outer and inner rings, the 
influence of other structural parameters should be minimized. 
Eq. (12) reveals that the surface area of the magnetic rings is a 
determinative factor in Coulombian model, so to reduce its 
influence we keep the middle position of the airgap rd constant, 
in which way the outer and inner rings variation of surface 
area can offset each other.  
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Figure 10 Diagram of the magnetic force versus axial displacement 
exerted between 9-layer stacked magnetic rings for different air gaps: 
rmid =0.29825m, tout= tin=0.03m, σs=1.25T, h=b =0.03m. 
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Figure 11 Diagram of the magnetic stiffness versus axial displace-
ment exerted between 9-layer stacked magnetic rings for different air 
gaps: rmid =0.29825m, tout= tin=0.03m, σs=1.25T, h=b =0.03m. 

Figure 10 and Figure 11 illustrate the axial magnetic force 
and stiffness versus displacement when wa varies from 1.5mm 
to 19.5mm, which means the ratio between wa and radial 

thickness of magnetic rings tout (tin) varies from 5% to 65%. It 
is obvious that the increment of wa can reduce the axial force 
and stiffness greatly. The maximum forces and stiffnesses are 
extracted and ploted in Figure 12 versus wa. Through curve 
fitting, an function of  

 5 -0.09565xf ( )= 2.058e ex    (25) 

is obtained whose curve (the blue line in Figure 12) can per-
fectly cover all maximum force points. This gives the conclu-
sion that the axial magnetic force decreases exponentially with 
the increment of airgap width. We can see that the stiffness 
has the similar tendency with the force. 
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Figure 12 Diagram of the maximum magnetic force and stiffness 
versus airgap width exerted between 9-layer stacked magnetic rings: 
rmid =0.29825m, tout=tin=0.03m, σs=1.25T, h=b=0.03m. The axial 
displacement where the maximum forces occur are labeled near the 
corresponding point. 

In Figure 12, the axial position where the maximum forces 
occur are labeled near the corresponding point which reveals 
that increasing airgap width can slightly alter the maximum 
force towards larger displacement. It is also found that in-
creasing the number of layers T can minimize the position 
alternation. Generally, a PMTB is comprised of more than ten 
layers of magnetic rings, so we believe that this influence can 
be neglect in the PMTB design. 

B. influence of radial thickness 
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Figure 13 Diagram of the magnetic force versus axial displacement 
exerted between 9-layer stacked magnetic rings for different rd (the 
unit is mm): r1=0.329m, r4=0.2675m, wa =0.0015m, σs=1.25T, 
h=b=0.03m. 

 



During the calculation, the total volume of all magnetic 
rings is kept constant, namely tin+tout=0.06m and wa =1.5mm. 
In the study of this section, the value of radial thickness dif-
ference rd =tin-tout changes from -30mm to 30mm. Figure 13 
and Figure 14 illustrate the axial magnetic force and stiffness 
versus displacement for rd varies from -30mm to 0mm and 
from 0mm to 30mm, respectively. Actually, for inner or outer 
magnetic ring, rd =30mm or -30mm means the radial thickness 
has increased or decreased 50%, which is a huge variation, but 
the magnetic force and stiffness don’t have dramatic change, 
so the radial thickness change is not an sensitive factor for 
magnetic force and stiffness. 
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Figure 14 Diagram of the magnetic stiffness versus axial displace-
ment exerted between 9-layer stacked magnetic rings for different rd 
(the unit is mm): r1=0.329m, r4=0.2675m, wa =0.0015m, σs=1.25T, 
h=b =0.03m. 
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Figure 15 Diagram of the maximum magnetic force and stiffness 
versus the thickness difference rd: r1=0.329m, r4=0.2675m, wa= 
0.0015m, σs=1.25T, h=b =0.03m. 

From Figure 15, we find that the largest magnetic force 
does not appear at rd=0, namely tin=tout, but occurs where the 
inner ring thickness a bit larger than the outer one. The ten-
dency of the stiffness is unexpected. The maximum stiffness 
versus rd appears an inverse tendency compared with the one 
of force.  

C. influence of axial length of single magnetic ring 

In the study of this part, the total volume of all magnetic 
rings is still kept constant. At the same time, we kept h=b, 
tin=tout =0.03m and the total axial length of magnetic rings 
L=0.24m). In the calculation, the rings are divided into differ-

ent layers to calculate the axial magnetic force and stiffness. ss, 
the ratio between axial length and radial width of single mag-
netic layer, is used to describe the change of axial length of 
single layer. Figure 16 and Figure 17 demonstrate the force 
and stiffness versus axial displacement exerted between mag-
netic rings of different ss. From Figure 12 it is concluded that 
the maximum magnetic force appear at almost half of h (b), so 
the variation of axial length can dramatically change the posi-
tion where the maximum occur, which will further determine 
the range of axial displacement of the rotator. From Figure 17, 
it is revealed that increasing T, decreasing h and b can im-
prove the stiffness. For a PMTB, the available axial displace-
ment is strictly limited, so we can meet the demand through 
increasing layers and decreasing axial length of magnetic rings. 
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Figure 16 Diagram of the magnetic force versus axial displacement 
exerted between magnetic rings of different layers: r1=0.329m, 
r2=0.299m, r3=0.2975m, r4=0.2675m, σs=1.25T, tin = tout =0.03m, 
L=0.24m T=[24, 12, 8, 6, 4, 3]. ss are labeled near the corresponding 
curves. 
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Figure 17 Diagram of the magnetic stiffness versus axial displace-
ment exerted between magnetic rings of different layers: r1=0.329m, 
r2=0.299m, r3=0.2975m, r4=0.2675m, σs=1.25T, tin = tout =0.03m, 
L=0.24m, T=[24, 12, 8, 6, 4, 3]. ss are labeled near the corresponding 
curves. 

Maximum magnetic force and stiffness versus ss are 
shown in Figure 18. It is found that the maximum magnetic 
force occur at point where the h (b) equals around 4/5* tout (tin). 
Besides, the maximum stiffness monotonically decreases with 
increasing ss. When ss less than 1, the stiffness will change 



dramatically, so in this range, ss is an sensitive factor for mag-
netic stiffness. 

D. Obtaining the optimal structural parameters 

From the above analysis, it is concluded that the airgap 
width wa can reduce the magnetic force and stiffness exponen-
tially, so smaller wa is favorable for PMTB design. The specif-
ic value of wa should be determined based on the dimension of 
magnetic rings. For example, the wa should be among 1mm to 
3mm for rings with 30mm square section. 

The radial thickness (tout, tin) is not a sensitive factor for 
both force and stiffness, so PMTB can be designed as tout=tin. 

The layers or the axial length is a sensitive factor for both 
the force and stiffness. Especially, it determines the axial mov-
ing range of rotator when bearing thrust from the propeller. To 
maximize the axial magnetic force and meanwhile get large 
enough stiffness, the ratio between h (b) and tout (tin) should be 
around 4/5. 
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Figure 18 Diagram of the maximum magnetic force and stiff-
ness versus the ratios between axial length and radial width of 
single magnetic layer ss: r1=0.329m, r2=0.299m, r3=0.2975m, 
r4=0.2675m, σs=1.25T, tin = tout =0.03m, L=0.24m, T=[24, 12, 
8, 6, 4, 3]. 

VI. DISCUSSIONS  

This paper provides a feasible method, the Coulombian 
approach, for the design of PMTB. To verify the accuracy of 
the Coulombian model, the calculated results are first com-
pared with that from FEM. It is revealed that both methods 
present almost identical force curves. However, the uneven-
ness of FEM force curve not only leads to the stiffness curve 
much unsmoother, but also fails to predict the magnet stiffness 
at the values around curve valleys. A large-scale stacked 
PMTB was manufactured and the tested results from the ex-
periment further verify the correctness of Coulombian model. 
So it can be concluded that the Coulombian model has precise 
enough prediction of magnetic force and stiffness in much 
smaller time-cost than FEM, which makes it advantageous to 
the structure design and parameter optimization of PMTB.  

In the influence study by Coulombian model, it is found 
that the airgap width and axial length of magnetic rings are 
pretty sensitive parameters for the force and stiffness. The 
former one has an exponential relationship with the force and 
stiffness and the latter one can change the range of available 
axial displacement for a PMTB. However, the impact of radial 
thickness is not so obvious and can choose the same thickness 
of outer and inner rings. All these conclusions can be very 
important in the design of PMTB. 
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APPENDIX  

B: magnetic induction intensity  
E: electric field 
Fz: axial magnetic force  
Fz(s-s): axial magnetic force between surface and surface 
Fz(v-s): axial magnetic force between volume and surface 
Fz(v-v): axial magnetic force between volume and volume 
F: Force matrix whose element is the magnetic force between 

every pair of magnetic rings 
Fpq: the magnetic force between No. p outer ring and No. q 

inner ring 
Fentire: the entire force of the stacked PMTB 
H: magnetic field 
h, b: axial length of the outer (stator) or inner (rotator) mag-

netic rings 
J: magnetic polarization 
Kz: axial stiffness 
L: the total axial length of all  stacked magnetic rings. 
m, n: radial component of a fictitious magnetic charge located 

in the outer or inner magnetic ring 

n : unit normal vector of surface 
p, q: the sequence number of the outer or the inner ring 
r1, r2: outer and inner radii of the outer magnetic ring (stator) 
r3, r4: outer and inner radii of the inner magnetic ring (rotator) 
rd: the radial thickness difference between inner and outer 

rings, rd = tin- tout 
rmid: radius of the airgap middle position, namely the mean 

value of r2 and r3 

ss: the ratio between axial length and radial width of single 
magnetic layer, namely ss=h/( r1-r2)=b/( r3-r4) 

T: the number of the pairs of magnetic rings in stacked PMTB 
tout: the thickness of outer ring, tout= r1-r2 

tin: the thickness of inner ring, tin= r3-r4 

wa: the width of the airgap between the outer and inner rings 
z1, z2: axial component of a fictitious magnetic charge located 

in the outer or inner magnetic ring 
za, zb: axial position of the lower and upper surface of the No. 

1 inner magnetic ring (rotator) 
zpq: the relative axial position of No. p outer ring and No. q 

inner ring 
ρ: electrical charge density 
σ: factitious magnetic charge density 
σv: factitious magnetic volume charge density 
σs: factitious magnetic surface charge density 
μ0: vacuum permittivity  
ε0: vacuum permeability  
Ω: bounded closed region 
∂Ω: the boundary of Ω 
θ1, θ2: azimuthal component of a fictitious magnetic charge 

located in the outer or inner magnetic rings 
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