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Abstract—There are inevitably hysteresis phenomena in 

magnetic bearing-rotor systems. On the one hand, the nonlinear 

relationship of the restoring force and deformation of the 

engineering materials, especially composites and internal 

friction between the rotor components may result in hysteresis. 

On the other hand, there is inherently magnetic hysteresis in the 

actuator. The hysteresis is a typical one of nonlinear 

characteristics. The property may have a strong effect on the 

stability of systems, and make system exhibit complex, 

unpredictable nonlinear behaviors. It is crucial to analyze 

magnetic bearing-rotor system by taking account of hysteresis. 

In this paper, the literature about the magnetic bearing-rotor 

system with hysteresis are reviewed. The characteristics of 

nonlinear systems with hysteresis and the effects of hysteresis on 

systems' dynamics are summarized. The modeling approaches 

are researched and the advantages and disadvantages of each 

method are pointed out. This paper introduces various methods 

applied to nonlinear systems with hysteresis and illustrates 

corresponding results. The methods which could be appropriate 

for magnetic bearing-rotor systems subjected to hysteresis are 

discussed and the future research directions have been 

prospected. 

I. INTRODUCTION 

As a typical mechatronic product, a magnetic bearings 
system can generate electromagnetic forces through the 
magnetic bearings to suspend the rotor with no mechanical 
contact. The magnetic bearings system comprises sensors, 
controllers, power amplifiers, magnetic bearings and the 
corresponding mechanical equipment, etc. In the magnetic 
bearings system, the displacement of the rotor is measured 
through the sensor and the measurement signal is transmitted 
to the controller. Then it turns into a control signal. The power 
amplifier receives the control signal and exports the current 
which plays a key role in magnetic bearings to make the 
magnetic bearings generate electromagnetic forces to suspend 
the rotor. There is no mechanical contact between the rotor 
and the stator in the magnetic bearings system. Compared with 
the conventional mechanical bearings, magnetic bearings have 
a number of advantages, such as no mechanical friction, no 
wear, lubrication free, etc. The magnetic bearing system can 
be operating at high speed for a long time with low 
maintenance cost. Especially, dynamic behaviors of the rotor 
could be controlled actively through magnetic bearings during 
operation. So, magnetic bearings are used widely in high-
speed rotating machines, especially those operating in special 
environments. 

In many previous researches, for simplicity, the modeling, 
performance analysis and controller design of the active 
magnetic bearing-rotor systems were usually based on linear 
models which could describe characteristics of the systems in 
the linear region [1]. And system identifications were always 
conducted based on those linear models [2,3]. Nonetheless, 
the system was inherently nonlinear so the linear model 
sometimes can’t describe the characteristics of the system. For 
example, there are inevitably hysteresis phenomena in 
magnetic bearing-rotor systems. In magnetic bearings systems, 
the hysteresis is one of the inherent nonlinear characteristics. 
In electromagnetic actuators, the magnetic hysteresis which 
can be expressed by B-H curve is obviously existing. In fact, 
the voltage saturation phenomenon existing in the power 
amplifier could be regarded as the hysteresis characteristic, 
which would be explained later. Moreover, the nonlinear 
relationship between the restoring force and deformation of 
the engineering materials especially composites, and internal 
friction between the rotor components may result in hysteresis 
phenomena.     

The hysteresis property may have a strong effect on the 
stability of systems and make system exhibit more complex, 
unpredictable dynamical behaviors. The analysis of magnetic 
bearing-rotor systems neglecting hysteresis can’t reflect the 
nonlinear dynamics of the systems. It is crucial to analyze the 
magnetic bearing-rotor system by taking account of hysteresis 
property. The paper reviewed the literature about the nonlinear 
systems with the hysteresis and summarized the relevant 
research contents that have been done. 

The content of this paper is as follows. In section 2, the 
hysteresis was presented and various modeling approaches 
were shown. Moreover, this section gave an outline of the 
influences of the hysteresis in some typical systems and the 
corresponding methods. In section 3, the hysteresis 
phenomena which could exist in the magnetic bearing-rotor 
system were summarized and the methods applied to the 
systems were outlined. The summary of this paper was made 
in section 4. 

II. HYSTERESIS MODELS AND APPLICATIONS 

The hysteresis phenomena widely exist in various fields, 
such as biology, magnetics, ferromagnetics, mechanics, and so 
on. The hysteresis refers to a memory effect, where there is a 
lag between the input and the output of the system and the 
output is not only dependent on the instantaneous state but 
also associated with the history of the state of the system, as 
shown in Fig. 1.  
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Figure 1.  Hysteresis loop 

To study hysteresis, modeling of the hysteresis systems is 
necessary. However, it is a challenge to obtain the physical 
model of hysteresis whose characteristics is so complex. And 
it is too complex to apply the physical model to the analysis of 
systems with hysteresis in various fields. Therefore, 
mathematical models fitting the hysteretic phenomena and 
semi-physical models are often used to approximate hysteresis 
to reflect some of its characteristics or phenomena. Some 
classic models of the hysteresis are following.  

The bilinear hysteresis model was used in [4,5], which 
were formed with four piecewise affine hysteresis terms. In 
the bilinear model, the phenomena of hysteresis in different 
phases were fitted by piecewise lines simply. The model was 
simple. To a certain degree, the bilinear model could reflect 
the characteristics of the hysteresis. And it is easy to be 
applied to the analysis of the system subjected to hysteresis. 
Nevertheless, there were discontinuities in the model. And it 
was not in good agreement with the nonlinearity of the 
hysteresis. In some cases, the bilinear model could not meet 
the analytical precision.  

Ref. [6] was organized to illustrate two types of the 
hysteresis models, namely the operator-based model including 
Preisach model, Krasnosel’skii-Pokrovskii (KP) model, 
Prandtl-Ishlinskii (PI), and Maxwell-Slip model, and the 
differential-based containing Bouc-Wen model and Duhem 
model. Various kinds of models were introduced to readers 
and the survey on the hysteresis in terms of modeling, control, 
and identification of the systems was made. 

The most popular model of hysteresis in civil and 
mechanical engineering is Bouc-Wen model. The model is 
formulated in a first-order nonlinear differential equation, 
which relates the output restoring force to the input 
displacement in a hysteretic way. In this model, the 
parameters chosen properly could modulate the position and 
width of the hysteretic loop to make the model accord with the 
actual hysteresis. The parameters are usually found through 
identification techniques [7]. 

The plentiful developed models based on the classical 
Bouc-Wen model have arisen. For example, two dynamical 
models combining the position information and the accelerate 

information separately were developed based on Bouc-Wen 
model [8]. The model using position information is rate-
independent and could reproduce some kinds of double 
hysteretic loops that original Bouc-Wen could not. The model 
employing acceleration information is insensitive to linear 
time-scale variations. These two models broadened the 
application of the Bouc-Wen model. 

In addition, there are also other forms models enriching the 
hysteresis models. A phenomenological approach which 
described the hysteresis was proposed [9]. The force and 
kinematic parameters of the system were associated with a 
first-order ordinary differential equation. The right-hand side 
is chosen in the class of functions ensuring the asymptotic 
approach of the solution to the curves of the enveloping. This 
method is analytical, so it has a number of advantages in 
analyzing the nonlinear behaviors of hysteretic systems. 

There is abundant literature reporting the hysteresis 
models. When the analysis of the system is conducted, it is 
essential to choose a proper hysteresis model. Since the 
hysteresis is a complicated nonlinear characteristic, the 
systems subjected to hysteresis could exhibit many 
unexpected phenomena and the stability may be affected. 
Many types of research on the behaviors of the systems 
subjected to hysteresis have been done. Various analysis 
methods were proposed and valuable results were acquired 
[4,5,10,11].  

A bilinear hysteretic oscillator with clearance and 
sinusoidal excitation was investigated in [5]. This paper 
matched the hysteresis based on a bilinear model and showed 
how to calculate the equivalent stiffness and damping of the 
system. This paper utilized chaos phenomena to determine the 
switching time when discontinuities appeared and analyzed 
the system response in a piecewise linear way. The bifurcation 
diagram obtained numerically predicted the chaotic motion. 
Relatively, aiming at oscillations with bilinear hysteresis and 
sinusoidal excitation [4], a robust numerical technique was 
proposed to describe the steady and transient response, which 
could determine the switching time between the various linear 
regimes robustly and effectively, thus could patch the local 
solutions to form the global solution. However, in [4], the 
subharmonic motion was found but chaos not by using 
bifurcation and continuation techniques. 

Based on the bilinear hysteresis, the nonlinear analysis of 
the systems may deviate from the original results. Ref. [10] 
introduced additional state variable (internal variable) to 
construct a hysteresis model based on the Masing-Bouc-Wen 
model and applied an effective approach based on the analysis 
of wandering trajectories to determine the conditions leading 
to chaotic responses of systems. In [11], the harmonic balance 
method was adopted to obtain frequency response curve of 
hysteretic two-degree-of-freedom systems based on Masing 
hysteresis model and the frequency response characteristic 
was analyzed. Ref. [11] pointed out that the combination of 
the harmonic and the path-following algorithm was suitable 
for the analysis of this kind of systems. 

The differential equations of these different systems have 
the similar forms in common. The analyses on these systems 
are beneficial to characterize this kind of dynamic systems. 
The unexpected dynamical behaviors in the systems with 
hysteresis were verified and some analysis methods applied to 
the systems were pointed out. 



In this section, some classical hysteresis models were 
introduced. For different analysis objects, the hysteresis model 
should be chosen felicitously. The investigations on the 
systems with hysteresis were recommended. The systems 
mentioned above have the similar motion equations with the 
rotor system. The methods and the corresponding results can 
provide some references for the analysis of the bearing-rotor 
system. 

III. HYSTERESIS IN MAGNETIC BEARING-ROTOR SYSTEM 

There are many articles about the analysis of vibration and 
stability in the rotor. Ref. [12] investigated the dynamics of 
the energy storage flywheel rotor-active magnetic bearings 
system. But, the analysis in the paper was conducted based on 
the linear model that was simplified by ignoring the hysteresis 
and other nonlinearities existing in the system. 

The magnetic bearing-rotor system is inherently nonlinear. 
There was a wide variety of literature on nonlinearities of 
active magnetic bearing-rotor system, in which the various 
analytical methods applied could be divided into two 
categories: the numerical methods and the approximate 
analytical methods. The bifurcation behaviors of the flexible 
rotor supported by active magnetic bearings were investigated 
numerically in [13,14]. Nonlinear oscillations of a rigid 
magnetic bearing-rotor system taking account of the delay of 
control force were analyzed using the approximate analytical 
method in [15]. The influences of the delay of control force 
and other system parameters on the amplitude of the rotor 
were clarified and the analysis results were verified by 
experiments. Ref. [16] applied the method of multiple scales 
to obtain an analytical approximate solution of an active 
magnetic bearing-rotor system which subjected to primary 
resonance excitations at the presence of 1:1 internal resonance. 
Based on the solution, a verity of nonlinear phenomena were 
studied and the analysis results of the approximate solution 
were validated by numerical simulations. In [17,18], the 
dynamic response of active magnetic bearing-rotor system 
with periodic time-varying stiffness was investigated by the 
asymptotic perturbation method and the method of multiple 
scales. And the nonlinear response of the system was 
illustrated. 

It can be seen from these papers that the nonlinear factors 
in the system have unpredictable effects on the system 
response as well as the stability, and many effective methods 
dealing with the nonlinear dynamics of the system were 
proposed. However, little literature deals with the nonlinear 
systems with hysteresis. As a typical nonlinear characteristic 
of the bearing-rotor system, the hysteresis characteristics have 
a non-negligible influence on the rotor’s dynamics. The 
analysis methods on nonlinear systems mentioned in above 
papers have referential value for the analysis of the magnetic 
bearing-rotor systems subjected to hysteresis. 

In the practical system, the hysteresis may occur in several 

ways. The magnetic hysteresis of the ferromagnetic material 
exists intrinsically in the electromagnetic actuator. The power 
amplifier will exhibit hysteresis characteristic when the 
voltage saturation phenomenon occurs. In addition, material, 
internal friction, and internal damping of the rotor may result 
in hysteresis in the rotor. 

A. Hysteresis in The Rotor 

The hysteresis always occurs along with some irreversible 
thermodynamic changes, such as phase transition and internal 
friction. The material properties and internal friction in the 
rotor may lead to hysteresis.  

The bifurcating self-excited vibrations of a rotating 
viscoelastic shaft was investigated based on the Hopf 
bifurcation theory in [19]. This paper concentrated on 
hysteresis due to the material of the rotor. The influence of 
hysteresis on the stability of the rotor was verified.  

The internal friction in the rotor material is one of the 
major causes of the hysteresis which has a significant effect on 
the stability of the rotor. Ref. [20] discussed the stability 
capacity of the flexible rotor with hysteresis due to three forms 
of internal frictions separately. The results showed that 
stability limits may vary considerably with different hysteresis 
mechanisms. It can be seen from the conclusions of this paper 
that the proper hysteresis model was essential for the analysis 
result. But, ref. [20] did not define the type of internal friction 
specifically, but just discussed the influence of different 
mechanism hysteretic forces on the system stability abstractly. 
Ref. [21] concentrated on the internal friction existing actually 
in the rotor, which was defined to be hysteretic-type. The 
emphasis was the stability in the primary resonance region and 
the averaged equations in primary resonances were obtained 
for the stability analysis by using the averaging method. The 
method of singularity was utilized to investigate the 
bifurcation in the synchronous and non-synchronous whirl. 
The instability thorough Hopf bifurcation was found. 

 Sorge utilized the linear model and the nonlinear 
Coulombian force model to express the internal friction 
separately and illustrated the effect of the hysteresis on the 
stability separately in [22]. The paper indicated that the 
nonlinear Coulombian model was more applicable than the 
linear model which was actually consistent with the model in 
[21]. The averaging approaches of the Krylov-Bogoliubov 
were proposed to solve the nonlinear motion equations of the 
rotor with internal friction in [22–24]. The destabilizing effect 
of the internal friction was indicated and the beneficial 
influence of the support stiffness anisotropy was clearly 
identified. 

It can be concluded that the stability of the rotor system is 
affected by the internal friction which has the hysteretic 
characteristic. The researches on the problem make a 
contribution to the rotor dynamics and the proposed methods 
help successor to study the problem further. 

The internal damping of the rotor may also lead to the 
instability of the system. As we know, the material losses of 
many engineering materials are frequency-independent, which 
was not consistent with the viscous damping model used 
before. Hysteretic type damping can better reflect the internal 
damping of the rotor than the viscous damping. Therefore, 
when analyzing the influence of rotor internal damping on 
rotor stability and other properties, hysteretic internal damping 
has attracted the attention of the researchers. 

Ref. [25] used the finite element method to discuss the 
stable regions of the rotating shaft with internal damping 
based on a Euler-Bernoulli model. The threshold speeds of the 
rotating shaft with different forms of the internal damping, 
namely the viscous damping and the hysteretic damping, were 
compared. This paper pointed out that the hysteretic damping 



model could reflect the characteristic of internal damping 
better. In this paper, hysteretic damping was modeled by 
including an equivalent viscous damping term. However, in 
[26], the internal hysteretic damping was expressed by the 
exponential model which was more general than the classical 
viscous damping model. The rotating viscoelastic shaft with 
hysteretic internal damping was investigated in [27]. In this 
paper, the boundary of the stability and the conditions for a 
double zero eigenvalue bifurcation and Hopf bifurcation was 
determined based on the linear model. Then based on the 
nonlinear model, the analytical solutions describing the 
behaviors of the shaft in the neighborhood of the bifurcations 
were deduced using the center manifold theory and the 
method of the normal form. The methods proposed in this 
paper enriched the theory inestigating the dynamic behavior of 
a rotor system with hysteresis characteristics, which were of 
great significance. 

 The internal damping of the rotor will cause the hysteresis 
and the hysteretic characteristic has a non-negligible effect. So 
many analyses on the rotor with internal damping were 
conducted. The proper selection of the model makes sense. 

There are kinds of literature about the rotor subjected to 
hysteresis. The inducements of the hysteresis in the rotor were 
classified and the corresponding modeling methods were 
introduced. The analysis methods and corresponding results 
about the effect of the hysteresis on the dynamic behaviors 
and the stability of the rotor were outlined. 

B. Hysteresis in Magnetic Bearing 

However, the dynamics of the bearing-rotor system may 
change when the rotor is supported by magnetic bearings. 
Investigating the hysteresis in the magnetic bearings systems 
is indispensable. The magnetic hysteresis in the magnetic 
bearing system is inherent. And the system behaviors have 
some change with magnetic bearings. 

The existence of the hysteresis in magnetic bearings was 
pointed out in [28]. The hysteretic characteristics should be 
taken into account in the dynamic analysis, design of the 
magnetic bearings, and controller design. In [29], the 
dynamics of the rotor supported by the magnetohydrodynamic 
bearings was illustrated separately in case of soft magnetic 
materials and rigid magnetic materials. In case of soft 
magnetic materials, the approximate analytical solution which 
described vibration of the rotor was acquired using the method 
of multiple scales. In case of rigid magnetic materials, the 
hysteresis which was modeled by Bouc-Wen model was taken 
into account and the condition when chaos occurred was 
determined by the approach based on the analysis of the 
wandering trajectories. 

In practice, the devices in the magnetic bearings system 
always have the capacity limitation. For example, the 
operating voltage in the voltage-type power amplifier is 
limited in certain ranges. So the voltage saturation phenomena 
often occur. As a matter of fact, the input voltage and the 
output current which plays a key role in the magnetic bearing 
have a hysteretic type relationship, as shown in Fig. 2. So the 
voltage saturation can be regarded as the hysteresis property in 
the magnetic bearings system. 

 
Figure 2.  Hysteresis loop betweenthe voltage and the current 

Ref. [30] utilized the analytical method to analyze the 
single-degree-of-freedom magnetic bearing-rotor system with 
saturation effects. The symmetric period-one solutions were 
obtained and the analysis of the stability was determined. 
Moreover, other kinds of solutions, such as asymmetric, 
subharmonic periodic and chaotic motions and multiple-
crossing saturation region per cycle periodic solutions was 
also found by means of numerical simulation. The voltage 
saturation was introduced into the magnetic bearings system 
and the influence on the dynamics of the rotor was analyzed. 
However, the investigation based on the piecewise linear 
model could not reflect the comprehensive characteristics of 
the voltage saturation.  

The voltage saturation was also mentioned in [31–33]. But 
these papers concentrated on the control design instead of the 
dynamic analysis. However, the analysis of the dynamic 
behaviors of the rotor could be of great benefit to the 
controller design. It is impending to investigate the voltage 
saturation in the magnetic bearings system further. 

In this section, the potential hysteresis existing in different 
parts of the magnetic bearing-rotor was set forth through a 
review of the pertinent literature. The different hysteresis 
models were applied to the analyses on the rotor systems with 
hysteresis. Various methods including the numerical methods 
and the analytical methods, were utilized to investigate the 
dynamics of the rotor and corresponding results were shown. 
It can be seen that the hysteresis in the magnetic bearing-rotor 
system is common and has effects on the dynamics of the 
system. It is important to investigate the hysteresis in the 
system comprehensively using effective method and show the 
influence of the hysteresis on the dynamic behaviors of the 
system. 

IV. CONSLUSIONS 

In this paper, the literature about the magnetic bearing-
rotor system with hysteresis was reviewed. The various 
modeling methods of the hysteresis were outlined and some 
hysteresis models applied to the specific systems was 
introduced. A variety of methods used to investigate dynamic 
behaviors of the system with hysteresis and corresponding 
results are shown. The potential hysteresis existing in different 
parts of the magnetic bearing-rotor was illustrated. And 
dynamic behaviors of the system with hysteresis and the 
analysis method were summarized. 



As already reported, the hysteresis in the magnetic 
bearing-rotor system is always associated with the bifurcation, 
chaos, and the instability of the rotor. The methods and results 
mentioned in this paper are heuristic. This paper shows the 
importance of the investigations on the magnetic bearing-rotor 
system subjected to the hysteresis and provides the effective 
methods. The analyses of dynamic behaviors in the systems 
with the hysteresis would play a key role in the construction of 
the magnetic bearings and the controller design. 
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