
Active Vibration Isolation of Multiple Degree-of- 
Freedom S ystem based on the Minimization of the

Output Force Control Strategy

Song Chunsheng1,a, Hu Yefa1,b

1School of Mechanical and Electronic Engineering, Wuhan University of Technology, Wuhan
430070, China

asong_chsh@163.com, bhuyefa@whut.edu.cn

Abstract: Vibration isolation technology has been widely used to reduce the vibration transmission from the
machinery to the foundation in many different engineering systems. Magnetic suspension vibration isolation
technology is an excellent active isolation technology, which has some useful characteristics, such as
non-contact, high response frequency, high reliability and long life-span. Hence, the magnetic suspension
isolator is designed. The electromagnetic force of the magnetic suspension active isolator is measured in
advance by experiment. Multiple degrees of freedom (DOFs) vibration isolation system supported by magnetic
suspension isolators and springs is established. The dynamical and state equations of the system are formulated.
A control algorithm and the value function of active vibration isolation based on force transmissibility are
proposed. The control model based on the control algorithm is established. Output force responses of the active
vibration isolation system and passive one under same excitation are simulated. The simulation results indicate
the active system possessed much better effect on vibration isolation. Comparing with passive system, the force
transmissibility is reduced by 2dB-3dB in low-frequency stage, especially around resonance frequency, the
transmissibility is reduced by 10dB-18dB. In order to test the reliability of the active system and control
algorithm, an experimental platform is carried out. Experiment results show that the force transmissibility is
reduced by 10dB-15dB around resonance frequency. The research indicates that experimental results are found
to be in good agreement with simulated results.

Keywords: Magnetic Suspension Isolator, Minimization of the Output Force, Active Vibration Isolation,
Control Strategy

1 Introduction

In recent years, vibration isolation systems have been studied broadly and in great depth

[1].Vibration isolation technology has been widely used to reduce the vibration transmission

from the machinery to the foundation in many different engineering systems. It can be

classified into two types: passive and active. Although the passive one offers simple and

reliable means to protect mechanical systems from a vibration environment, it has inherent

performance limitations, that is, its controllable frequency range is limited and the shape of

its transmissibility does not change. On the other hand, active vibration isolation systems,

with parameters that change according to excitation and response characteristics of the

system can provide significantly enhanced vibration isolation performance [2].Many active

control strategies have been proposed to provide effective vibration control[3-6,15].

Magnetic suspension supporting technology is a new supporting technology developed

from later period of last century ,which has the characteristic of controllability and

adjustability, especially, the damping and stiffness adjusted by changing controls parameters

on-line[7-8].With the technology，magnetic suspension isolator is an excellent active isolator.

which has some useful characteristics, such as non-contact, high response frequency, high

reliability, long life-span and etc, so there were some studies about the organization and
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character of itself and its application[9-10], such as the “Smart Spring” [11-12].

However, most of the these are by means of the theoretical formula of electromagnetic

force to do some simulations. But there are large differences between the theoretical and

actual expression[13-14], As a result of many assumptions of theoretical formula which

ignores saturation and flux leakage and the coupling to magnetic field. Moreover, the

thickness of air-gap of the isolator is larger than normal magnetic suspension system such as

magnetic bearings. The difference between theory and practice should be greater. So, the

simulation result may not very agree with the fact.

To solve the problem, the magnetic suspension isolator is designed firstly, and the

characteristics and capacity of the isolator are studied experimentally and theoretically. The

electromagnetic force of the magnetic suspension active isolator is measured in advance by

experiment. Through the data experimental measurement and fitting a mathematical

expression by least square method, the actual relation expression of electromagnetic

force-current-gap is obtained. A control mechanism and the cost function of active vibration

isolation based on minimization of force transmissibility are proposed. Secondly, the

computer simulation and experiment are carried out. A comparison between the simulation

and experimental results is obtained. Finally, the result and conclusion has been given.

2 The model of magnetic suspension Multiple DOFs active isolation system

2.1 Mathematical model

Figure 1 The active isolation system
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Fig.1 shows the structure of Multiple Dofs vibration isolation system with magnetic

suspension isolators. It has two isolation tables (MA, MB), a middle raft (MR), and a base (Mb).

The four magnetic suspension isolators are fixed between the middle and base. The middle

raft is supported by four magnetic suspension isolators and four ordinary springs IR. Each

isolation table is supported by four ordinary springs respectively.

The projection the isolation tables and middle raft are shown in Figure .2 (a, b), so the

isolators’ positions are determined. 1, 2, 3 and 4 shown in Figure 2-a are the positions of the

upper springs on MA, MB. A1, A2, A3, A4 B1, B2, B3 and B4 are the positions of upper

springs on middle raft.Ⅰ,Ⅱ,Ⅲ and Ⅳ shown in Figure 2-b are the positions of magnetic

suspension isolators. R1, R2, R3 and R4 shown in Figure 2-b are the positions of lower

springs on middle raft. ZAOAYA, ZBOBYB,ZRORYR and ZbObYb are rectangular Cartesian

coordinate systems of MA , MR and Mb shown in Figure 1. There are three DOFs: one

translational motion in the vertical direction (Z) and two rotational motions, roll (Θx) and

pitch (Θy).Considering practical situation, it is assumed that the roll and pitch angles are so

small (≤2.5°) that cos 1,sin ,kx kx kx    cos 1,ky  sin ky kyand   , where, kx , ky are

the roll and pitch angles of the isolation object MA, MB, MR and Mb.(k=A ,B, R).

(1) Dynamical equation

The dynamic mathematic equation motion of the isolation MA is
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The dynamic mathematic equation motion of the isolation MB is
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Figure2. Distribution map of isolators in isolation tables and middle raft

(a) distribution map of MA and MB; (b),(c) distribution map of MR

(c)
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The dynamic mathematic equation motion of the isolation MR is
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(3)

Where,

mA is the mass of the isolation table MA;

mB is the mass of the isolation table MB;

mR is the mass of the middle raft MR;

JAx is the inertial momentum of the isolation table MA about x-axis;

JAy is the inertial momentum of the isolation table MA about y-axis;

JBx is the inertial momentum of the isolation table MB about x-axis;

JBy is the inertial momentum of the isolation table MB about y-axis;

JR x is the inertial momentum of the middle raft MR about x-axis;

JR y is the inertial momentum of the middle raft MB about y-axis;

Fd
A is the z-direction direct disturbance of MA;

md
Ax is the direct disturbance about the x-axis of MA;

md
Ay is the direct disturbance about the y-axis of MA;

Fd
B is the z-direction direct disturbance of MB;

md
Bx is the direct disturbance about the x-axis of MB;

md
By is the direct disturbance about the y-axis of MB;

zA is the displacement of the center of the isolation table MA;

zB is the displacement of the center of the isolation table MB;

zR is the displacement of the center of the isolation table MR;

Fke is the z-direction electromagnetic force (k=I, II, III);

ku
A is the stiffness of IA;

ku
B is the stiffness of IB;

kd is the stiffness of IR;

cu
A is the damping of IA;

cu
B is the damping of IB;

(2)Equation of state

According to the equation (1) and (2) ,The state equation is established,

(1)The state variables are,
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T
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

T
A Ax Ay A Ax Ay B Bx By B Bx By R Rx Ry R Rx Ry

X=[ , , , , , , , , , , , , , , , , , ] =

[ , , , , , , , , , , , , , , , , , ]

v v v v v v v v v v v v v v v v v v

z z z z z z                  

(2)The control variables are,

1 2 3 4[ , , , ] [ , , , ]T T
Ie IIe IIIe IVeU u u u u F F F F 

(3)The input are the disturbing force and moment F,

1 2 3 4 5 6[ , , , , , ] [ , , , , , ]T d d d d d d T
A Ax Ay B Bx ByF f f f f f f f m m f m m 

(4)The output are the forces which transfer to the base ,including two part: spring force and

magnetic force , 1 2 3 4[ , , , , , , ]d d d d T
Ie IIe IIIe IVeY F F F F F F F F , ，where， d

iF (i=1，2，3，4)is the lower

spring force。

(5)Assuming that the base is rigid and fixed on the ground, namely,

 1 2 3 4, , ,
T

b b b b bz z z z O   ,then the state equation is,

X AX BU EF
Y CX DU
   


 


(4)

The value of the five matrices A,B,C,D and E (See Appendix A.).

2.2 Structure and parameters

The structure of the magnetic suspension isolator is shown in Fig.3, contains: 1. magnetic

suspension bracket, 2.E-shape magnet, 3. coil, 4. displacement sensor and 5. armature and so

on.

1

4

5
2

3

2

3

Figure 3 Structure of magnetic suspension isolator

The actual expression of electromagnetic force has been achieved in the help of the

method of least square by the experimental Data[16].
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i1 and i2 are currents of upper and lower coils
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3 The control model of the system

The minimization of the sum of weighted squared output forces is as the cost function.

The output forces are composed of two parts: lower spring force Fd , magnetic force

Fe , DN is the number of the lower springs and MDN is the number of the MSIs.

( ) ( )
D MDN N

d e
out i j

i 1 j 1

F F t F t
 

   (6)

The cost function of the system is,
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1 2... ... ... ...
D D D MDi N N j N Nq q q q q q , are weighting coefficient.

Given the capacity of the magnetic isolators, the cost function is corrected to ,

           
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1 2... ... ... ...
D D D MDi N N j N Nq q q q q q , are weighting coefficient; 1 2 ... MDU U U, are the control forces.

1... ...
MDj Nr r r are weighting coefficient for control force. the larger weighting coefficient , the

higher control force, and vice versa.

Subject to 1 1 2 1 1{ ... ... ... ... }, { ... ... }
D D D MD MDi N N j N N j NQ diag q q q q q q R diag r r r  , 。

According to equation(3),
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(9)

And,

1 1 1 1 12 ( )T T T T T T TY QY X C QCX X C Q DU U R D Q D U   

1 2T T T TY Q Y X QX X NU U RU  

Where,

1 1 1 1
T T TQ C Q C N C Q D R R D Q D   ； ；
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Where, the two matrices C,D can be obtain for equation(3),

Then cost function has the form :

'

0

2T T TJ X QX X NU U RU dt


  （ ） (10)

Where,

1 1 1 1
T T TQ C Q C N C Q D R R D Q D   ； ；

According to extremum principle, control force is confirmed,

1( )T TU R N B P X GX    

Where,

G is the optimal control gain matrix, P is the solution of Riccati Equations

1 0T TPA A P PBR B P Q   

By calculating, we can see that the closed-loop system is stable.

4 Simulation analysis and results

According to the dynamic mathematic Equations and control model established, the

active control model is simulated though MATLAB/SINULINK6.5 platform. The parameter

values used for the simulation are given as MA=105.2kg，JAx=7.00kg*m2， JAy=8.02kg*m2；

MB=105.2kg， JBx=7.00kg*m2，JBy =8.02kg*m2；MR=675.7kg， JRx=129.73kg*m2，

JRZ=69.15kg*m2； 120 /u
AK N mm ， 50.24N*s/mu

Ac  ， 60 / , 35.53N*s/mu u
B BK N mm c  ，

450 / , 243.3N*s/md dK N mm c  ，l=0.6;m=0.4;a=0.3;b=0.3; From these parameters, we

can get the main resonant vibration frequencies of the no control system are about：6.4Hz，

8.3Hz and 12.0Hz.

The input force signal is taken to be chirp signal, and the range of the frequency is from

0.1Hz to 40Hz, the value of amplitude is 400N. The input torques signal is constant

value ,Mx=100Nm,My=100Nm.

According to the performance of isolation and the capacity of magnetic suspension

isolator , 1 (10,10,10,10,10,10,10,10)Q diag and 1 (40,40,40, 40)R diag 。

The initial upper coils’ and lower coils’ currents of magnetic isolator are 2A. The time

of simulation is 4s.
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Figure 4 MA ‘s Z-displacement of the systems Figure 5 MA ‘s Z-Velocity of the systems

Figure 6 MB ‘s Z-displacement of the systems Figure 7 MB ‘s Z-velocity of the systems

Figure 8. Output Forces of the systems Figure 9. Force transmissibility of the systems

Under the same input signals, Fig.4, Fig.5, Fig.6 and Fig.7 shows the output

Z-displacement and Z-velocity of the isolation table MA , the dashed line denotes the passive

system, while the real line denotes the active isolation system. It is evident that the MA and

MB ‘s Z-displacement displacement and Z-velocity of active system is far smaller than the

passive system all the time, especially around resonance frequencies, the maximum value of
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active one is just is less than half of the past system..

The force transmissibility is the important method to evaluate system's isolation

effectiveness. The output forces of the two systems are shown in Fig.8 ; the dashed line

denotes the passive system, while the real line denotes the active isolation system. we can

see that the output force of the active system is much smaller than the passive one, most of

time the value of active is less than one third of passive system.

According to the two force transmissibility curves both active and passive system show

in Fig.9. We can see the active curve is 2-3dB lower the passive one in most low frequency.

The isolation performance remarkably enhance 10-18dB around resonance frequency. The

active also possess a good isolation performance comparing with the passive at high

frequency domain. Based on the results of simulate, the active vibration isolation system has

much better isolating performance in a very broad frequency range, especially, at resonant

frequencies.

5 Experiment research

Simulation results show that magnetic suspension active system based on strategy of

minimum force transmissibility has much better performance of vibration isolation than

passive one. In order to prove the results of the Simulation, a platform is built, which is

showed in Fig.11 . By the action of guide and limiting devices,. there are three Dofs of the

platform , as is stated above.

The platform comprises 1 Upper layer; 2 Springs; 3 Middle Raft; 4MSIs; 5 Base 6

Force Sensors; 7 Exciter motor. The actual parameters of the platform are: MA=161.2kg，

JAx=7.00kg*m2， JAy=8.02kg*m2；MB=161.2kg， JBx=7.00kg*m2， JBy=8.02kg*m2；

MR=675.7kg， JRx=129.73kg*m2， JRZ=69.15kg*m2， 0.01u
A  ， B 120 /uK N mm ，

B 0.01u  ， 450 /dK N mm ， 0.01d  ，l=0.6，m=0.4，a=0.3，b=0.3。The input force

of the exciter is sinusoidal, the range of the frequency from 3Hz to 40Hz.

Figure 11 Physical picture of experimental platform

1 Upper layer; 2 Springs; 3 Middle Raft; 4MSIs; 5 Base; 6 Force Sensors; 7 Exciter motor

6

1 1

3

44

5

7

2
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From the Force transmissibility curves in Fig12, we can see that the effect on vibration

improves 2dB -3dB in low frequency, and it may be over up to 10dB -15dB, around

resonance frequency. The test showed that the simulation result agrees well with test data.

Figure 12. Force transmissibility of the two systems under experiment

6 Conclusion

Magnetic suspension supporting technology is applied to vibration isolation system. A

multiple DOFs vibration isolation system that is supported by magnetic suspension isolators

and ordinary springs is proposed. In order to avoid the shortcomings theoretical formula and

increase the control precision, the actual magnetic force is measured and fitted by using least

square methods.

A control model is established based on the minimum force transmissibility control

strategy. The results of simulations show isolation performance of active vibration isolation

system improves 2dB -3dB in lower frequency, is up to 18dB around the resonance

frequencies. In order to prove the availability of the simulation model, the relative

experiments is performed. The output forces and acceleration are measured by sensors, then

The data are analyzed. The experimental results are found to be in good agreement with

simulated results.

The research show that the active vibration isolation system has much better isolating

performance against conventional passive isolation system in a very broad frequency range.
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The value of the five matrices A,B,C,D and E

612

The Twelfth International Symposium on Magnetic Bearings (ISMB 12)
Wuhan, China, August 22-25, 2010

http://www.scopus.com.ezproxy.auckland.ac.nz/source/sourceInfo.url?sourceId=19113&origin=resultslist


2 2 2 2

2 2 2

0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

-4 -4 4 -8 4 -8
0 0 0 0 0 0 0 0 0 0 0 0

-4 -4 4 4
0 0 0 0 0 0 0 0 0 0 0 0 0 0

-4 -4 4
0 0 0 0 0 0 0 0 0 0 0 0

u u u u u u
A A A A A A

A A A A A A
u u u u
A A A A

Ax Ax Ax Ax

u u u
A A A

Ay Ay

A

k c k ak c ac
m m m m m m

a k a c a k a c
J J J J

b k b c b c
J J



2

2 2 2 2

2 2

4
0 0

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0

-4 -4 4 8 4 8
0 0 0 0 0 0 0 0 0 0 0 0

-4 -4 -4 4
0 0 0 0 0 0 0 0 0 0 0 0 0 0

-4 4
0 0 0 0 0 0 0 0 0 0

u
A

Ay Ay

u u u u u u
B B B B B B

B B B B B B
u u u u
B B B B

Bx Bx Bx Bx
u u
B B

By

b c
J J

k c k ak c ac
m m m m m m

a k a c a k a c
J J J J

b k b c
J J

2 2

2

-4 4
0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

4 4 4 4 4( ) 8 ( ) 4( ) 8 ( )
0 0 0 0 0 0 0 0 0 0

8 4 8 4
0

u u
B B

By By By

u u u u u u d u u u u d u u
A A B B A B A B A B A A

R R R R R R R R
u u u
A A A

Rx Rx Rx

b c b c
J J

k c k c k k k a k k c c c a c k
m m m m m m m m
ak a k ac

J J J

       

  2 2 2 2 2 2 2

2 2 2 2 2 2

R

8 4 8 4 8 ( ) 20 ( ) 36 8 ( ) 20 ( ) 36
0 0 0 0 0

-4 -4 -4 4 4 ( ) 4 4
0 0 0 0 0 0 0 0 0 0 0 0

u u u u u u u u u d u u u u d
A B B B B A B A B A B A B

Rx Rx Rx Rx Bx Rx Rx Rx Rx
u u u u u u d
A A B B A B

y Ry Ry Ry Rx

a c ak a k ac a c a k k a k k a k a c c a c c a c
J J J J J J J J J

b k b c b k b c b k k b k
J J J J J

         

    2 2( ) 4u u d
A B

Rx

b c c b c
J
 

613

The Twelfth International Symposium on Magnetic Bearings (ISMB 12)
Wuhan, China, August 22-25, 2010



0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

1 1 1 1

R R R R

Rx Rx Rx Rx

Ry Ry Ry Ry

B

m m m m
l l l l

J J J J
m m m m
J J J J

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   
 
 
 
 
 
 
 
 
 
  
 
 
   
  

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

D

 
 
 
 
 
 
 
 
 
 
 
  

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

1
0 0 0 0 0

1
0 0 0 0 0

1
0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

1
0 0 0 0 0

1
0 0 0 0 0

1
0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

A

Ax

Ay

B

Bx

Bx

m

J

J

E

m

J

J

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

0 0 0 0 0 0 0 0 0 0 0 0 3 3

0 0 0 0 0 0 0 0 0 0 0 0 3 3

0 0 0 0 0 0 0 0 0 0 0 0 3 3

0 0 0 0 0 0 0 0 0 0 0 0 3 3

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

d d d d d d

d d d d d d

d d d d d d

d d d d d d

k ak bk c ac bc
k ak bk c ac bc
k ak bk c ac bc
k ak bk c ac bc

C

 



   


0

 
 
 
 
 
 
 
 
 
 
 
  

614

The Twelfth International Symposium on Magnetic Bearings (ISMB 12)
Wuhan, China, August 22-25, 2010


	ismb12_submission_123

